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ERRCR PROPAGATION IN THE ANAIYTICAIL TRIANGUIATICN

— DEGREE OF THE TRANSFORMATION POLYNOMIALS

Abstract: A brief quotation of image deformations leads to the
conclusion about residual systematic errors influencing the re-
lative orientation of the photeographs. New formulas are derived
for the error propaegation from one mondel to the next one for

two cases: 1. the preceding phontograph is deformed, 2. the atta-—
ched phontograph is deformed. Formulas both for random and syste-
matic errors propaegation in strips and blocks are given. All in-
vestigations have aimed to the conclusion about the degree of

the polynomials applied for the coordinate transformetion.

i Igﬁroduction

Due to deformations nf the aerial photographs, ceaused by va-
rious physical factors, the relstive orientation of & sterenpair
cannot be made perfectly. The created model is eslways more or
less deformed. Thig fact causes problems in the aerial triangu-
lation. A triangulation strip or block has been accomplished if
all photographs are relatively oriented. The deformation nf one
model is transferred to the other models, and the result is that
the whole strip or block of models is in some way deformed.

A number of authors have been investigating the error pro-
pagation in the strip and/or block triangulation. For exemple
Ackermann [1] proved thet the resulting accuracy of the coordi-
nates of the new points depends on the shape of the block and on
the number as well as the displacement of the ground control

points. Ebner [2] investigated, even more in deteil, the influ-
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ence of the random errors on the accuracy, changing the number
and the dispacement of the grnund control points. Large experi-
ments were cerried out in I.T.C in the Netherlands [3], when va-
rious systemetic deformetions were introduced into the matemati-
cal mndel of phntographs,

The present author has been investigeting the propagation
and the accumulation both of the random and systematic errors in
the gerial triangulation. His mein goal was tn justify, or to
deny, the application of the polynomials of higher degree for
the coordinate transformstion. First, he analyzed the deforme-
tions of the photographs and the bundles reconstructed of these
photographs. He paied attention particulery to those factors

causing residual systematic errors, which could not be eliminsted

even if their influence on the image coordinates was defined
(expressed by the equation). Those systematic errors arise, e.g.
due to the atmospheric refractinn and the lens distortion errors
dbz end d¢ appeer in the relative orientation . The crab and

the drift of the flight paeth together with the affine deformation
of the film base csuses the residusl systemetic errors dby

and d¥x .,

Thereafter, the author derived equations showing the influ-
ence of the errors in the relative orientation of the first mo-
del on the errors dx, dy, dz of the model coordinates of the
points in the attached mndel. He derived also equatinns showing
the influence of the errors in the relative orientation nf the

attached model on the errors dx, dy, dz in the same model. If

both models, the first one (subscript i) and the atteched one

(subscript i+1), are disturbed by the errnrs in the relative
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orientation, the errors dx, dy, dz of the points in attached mo-

del are expressed by equatinns

ax = (x+b) 4 (abx;~dy,) - yax, + 2dp; - Obx;
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There is possible to make n number of models out of n+l
photographs. In gll the models, from the first one to the nth,
the model coordinstes x, y, z will show the errors dx, dy, dz
caused by the deformation of the present model. Starting from
the second model in the trianguletion strip, futher errors dx,
dy, dz will appear, caused by the transfer of the defnrmation
of the preceding mndel.

The random components Abx, Aby, Abz,lyx,ilf,AU? as well as

the systematic compgnents Chx? cby, Cpzt Cxr cw, c..- of the
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errors dbx, dby, dbz, dx, d¢, dw of the orientation elements
are transferred from one model to the next one in the same way.
Therefore the same equation (l) is the starting one for deduction
of gystematic as well as random deformatinns of joint mndels in
a triangulation strip. Cf course, when more than two models are
Jointed together, there will be different rules for propsgation
of the random and systematic errors.

Equations (1) can be simplified if the model, made of a ste-
reopair of photographs, is created in the same scale as the scale

of the photographs is. Then can be put z = f 1inte equations( l).

If the errors of the orientation elements comprise only the

random elements, then in accordence with.(l) can be written

x+b
Ax 5~ (dbx —dt(i) - yax, + zdy; - dbx,

2
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2
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2
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These equatinns show the influence of the randem errors in the
orientatinn elements nf the starting model (made nf photogrephs
i-1, i), and the influence of the randrm errors in the elements
of the relative orientation of the attached model(lnade of phon-
tographs i, i+l), on the errors in the conordinates x, y, 2z of
the points messured in the attached model. The errors Ax, Ay, Az
in the next attached model (made of photographs i+l1, i+2) would
show the same equations, only with the difference of the sub-
script: instesd i1 shnuld be put 1i+l, and instead of i+l shnuld
be put i+2.

th
The standard errors %x, 9y, 92z 1n the n " model of the

trianguletion strip would be expressed as the quadrastic sum of

all errors Ax, Ay, Az in each of the models starting with the

second one in a strip.

=

(’TXZ = (AXZ) 6y2 =

2 J

U

T

(Ayz) Gz° = E(Azz) (3)
J J=2
where J 1is the number of the order of the model in the strip .
The quadrats of the partial errors Ax, Ay, Az in equations (3)
will lead to the second powers and products of dbx, dby, ecceos ,
duw . Becsugse the random errors of the orientation elements are
absolutely very small, the powers and the products of the errors
are negligible. Then the errors bx, by, 6z of the points in
th

the n mndel will be

6x = Ax{ n-1 Gy = Ay {n-1 5z = Az n-1 (4)

It can be concluded that no systemetic deformetion of the Joint

model in & strip is ceused by the rendom errors of the orien-

430.



tations elements,

If the errors of the orientatinn elements comprise only the
systematic components, which are in the starting as well ss in
the attached mndel equal, the systematic errors Cyr ©

the points in the nt"rl model sre

sy C of

Y Z

Q
1
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It is possible to introduce some specifications intn equations
(5). In these equatinns there was put a different coordinete sys—
tem for each model, with the origin in the projection center of
the right photngraph. However, in analytical triangulstion there
is usuval to apply only one coonrdinate system for the whole strip
with the origin in the prnjection center of the first photograph

in the strip. The z axis cnrresponds with the cemera axis nf the
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first photograph, the x axis directs tn the projection center of
the second photngraph, being perpendicular to z. The y axis is
perpendicular tn the xy pleane and forms with the x,y axes the
left-handed system. It is possible tn anticipate that all bases
b in a strip of photographs with 60% overlap are approximately
th

of the same length. Then the errors Cys cy, c, in the n

model of the strip are

» {—(n—l)dbx +* nquﬂ} + X{ n—]_) QEE - (n_2>dbz

c_ = dbz
2 V
( '“) I (l T ¥ ": d‘*t’}" yndxr - Xyg—- + xzé,;f_
¢y = {" ndby - (n—-2)quf}+ x(n—z) ax

+y{(n—l)§%§+ g_tg_z_ -—(n-—l) —£— (1 t 3 -y d‘t)} (6)

- Xygj.. + yZdL&

- (1) fcon - -+ (m0)(3 + B )ap )

s x{d5'+ n-1 d‘f} + y{ B-dn +(n- dt_(,}+ Xy_@g: _ ngg’.

It is evident that the errors c , cy, c, will comprise constant
X

as well as variable elements with regerd to the modi(g conrdina—

tes x,y. The variable element will have lineer parts and quadre-

tic parts. It means that the errors Cyr Cyr €, will grow not

5
only linearly with the growirg x,y. Equations (6) comprise also
terms with the second powers »r products x2, y2, Xy of the
model coordinates. It is possible tn state that due to the errors

of the relative orientation "quadratic" deformations of the strip

of models will apear,
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3._Model deformation in blocks of photographs

As mentioned in the introductinn, the present author inves-
tigated the deformations of the photographs, particulary paying
attention to those factors, whonse systematic influence could not
be eliminated. He concluded that no one of the kmown physical
factors caused the systemstic error ¢, of that kind. Then it is
allowed tn let onut the terms with duw in equations(6).

The coefficients of x and y in equations (6) can be replaced
by general symbols. Then the following polynomials can be written,

dy = c¢_, dz = ¢, will grow

y z
in dependence on the model coordinates x,y in trienguletion strip.

which show how the errors dx = Cys

- 2

dx = &y & 85X * 83y ¥ a4x

dy = bl + b2x + b3y + b4xy (58)
- 2

dz = cq + CoX + c3y + c4x

The aeriel photogrephs with 60% end end side overlaps are
very suitable for the block triengulation. There is possible to
orient the photographs with adjustment. It was proved [4], [5]
that even in the smellest subblock, that is in the quadruplet
(two and twn photographs of two adjacent strips), the relative
orientation as well as the scaling could be adjusted. The adjust-
ment reduces the influence of the random errors in the orienta-
tion elements. It means that for the standard errors 6x, by, 5z
can be applied equations (4) even in the block triangulation.
Among the systematic errors of the orientation elements also c .
tekes the place in blocks. Now it is not allowed to let out the

terms with d« 1in equatinns (5). On the cotrary, detailed ane-
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lysis would lead to conclusion that it is necessery to introduce

further terms of the second degree.

2 2
al + a,x + 33y + a4xy + asx + 86y

dx

2 2
by + byXx + byy + byxy + byx + byy (7)
2

dy

- 2
dz = cy *eox t CzY + CyxXy + CSX +cpy

As long as the systematie errors will be kept small, there appear
no terms of higher degree than second in equationS‘(7).

The conclasion of this short contribution is as follows:
coordinate transformation in the aerial'triangulation. It is not
useful to apply polynomials of higher degree then second; it would
only enhence the number of the transformation coefficients and
congequently would enhance the necessary number of the ground

control pointse.
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