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ABSTRACT

The main advancage of solving orientation problems is deriving formulae for
determination the coordinates of the image point P, of space point P on the
terrain, if the elements of orientation are known. The surface of the terrain

is replaced by an inclined plane,which is a suitable approximation for erecting
maps of small part of earth by using a single photo.

In this article two orientation problems are solved analytically and the corres-
ponding equations of transformation are derived. These solutions are then repre-
sented graphically by assuming numerical values for the given data and using the
principals of Descriptive Geometry. The measured results are compared with those
obtained by the numerical substitution in the analytical solutions. The technique
used here can be applied to solve more problems which may arise in practice,

1o Introduction

& Photograph taken with a metric camera permits
the reconstruction of the bundle of rays with
which the object was projected on the image
plane.Orientation is the reconstruction of the
photograph and optical model in space relative
to a system of reference.

Interior orientativn is the recovering of the
projected cone of rays geometrically identical
with the bundle of rays entered the camera lens
to make the original exposure.It can be obtained
if the camera constant c and the principal point
A are known. Exterior orientation is placing the .
bundle of rays in the right position w.r.t. the
object photographed. This happens by the location

=\

of the centre of projection O and by the angular

orientation of the bundle of rays w.r.t. the v

space coordinate system, i.e. by determination of ingb ﬂ)
X oY 2 .,y k. (Fig. 1) i X,

In this article,new coordinate system of reference Ao

is established so as to suit the problems dealt L L X

with in this work. The surface of the terrain is

replaced by an inclined plane 77, For solving orientation problems,equations of
transformation from this plane to the image plane are derived on the assumption
that the photographic process is a central projection,and if some elements of
orientation are known.

Two orientation problems are solved analytically ,and by suitable assumptions
of the data given , the unknowns are obtained numerically. The graphical sol-
utions of these two problems,which depend on the principals of Descriptive
Geometry,are then drawn and performed. The measured values of the unkmowns are

compared with its calculated corresponding values,

2o The Coordinate Systems

We deal in this item with the space coordinate srastem, the image coordinate
systems and the equation. of the surface of the terrain.
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2.1 Space coordinate system of reference

Considering the terrain as an inclined plane ,then its representation on the

image plane by central projection will depend only on ite shape,the pomsition
of the centre of projection and the direction of the camera axis at the moment
of the exposure,but not on the chosen coordinate system. We use the coordinate

system shown in (Fig. 2) in which :

1. 0 1is the centre of projection.
2. 1 is the plane of terrain.

3. , is the image plane.

4, A is the prinuipal point,

5. + 1s the tilt angle.

6. ¢ 1s the swing angle.

7. ¢ 1is the camera constant.

The camera axis OA meets T fn the point N ,
through which we let pass the horigzontal
plane of reference 1!, (X,Y)., The Y-axis
passes through the origin L and nakes an
arbitrary sngle ¢ with the camera axis 04,
where ¢ + 2 290 . . . . (1)

2.2. Image coordinate systems

The image plane p passes through A and is
perpendicular to the camera axis Ok. We
consider two coordinate systems s
(a) The ordinary image coordinate system
(x,y) with A as origin,and the lines
Joining the fudicial marks as axes,
(b) The image coordinate system (x 'Y )
with A as origin,y,-axis = AB and x, -
axis is perpendicular to it through A.
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?2.3. Representation of the surface of the terrain
Since we deal with small domains of earth,we consider the surface of terrain

as a plane Tl,which is represented by the equation :
Z=~ aX +bY¥a K . . . (2)
The choice of an inclined plane instead of the usually taken horizontal plane
as an approximating surface,although rendering the calculations more difficult

and the solutions of the problems of transformation more tedious,nevertheless
'is a better approximation to the real surface of the terrain,and also leads to

more accurate results.
In(Fig. 2), let MVT be the trace-triangle of T with the planes of reference,

the angle T VM = ¥ , then from equation (2) we get :

v—-M_Ka‘*b ,W-Ky1+b,ﬁ= KM“*‘& s o o @ (3)
b a

ab
A12 = §1° + Wl- 2 VP . VN cos ¥
-1 a
2{ - con ° ® ® (4)
VOt +a? )1 v b9

e 2 2 2
VN - - A

a gg 2K 2 cos¢ + Z  tan"yp L. (5)

b coms v

Ti: = Z: tan v + K2 = Vﬂi + 762 -2 ?i; . Yl cos ¥ . . . (6)
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Substituting by (3) , (4) , (5) in (6) we get :

K = b Zo cos P + a Zo l/sin2 Lo cos2q>
‘ - . . (1)

coas ¥ cos v
Equation (2) of reduces to

zZ
Z = aX +b¥ - _° [ bcosd + a b/;ingvv 00324.} . B (8)

cos »

3. Bquations of transformation

The equations of transformation express the following coordinates in terms of

.! ° of any p01nt P in H
) of the image Pl of P .

the space coordinares (
(a) The space coordinates P (;Pi P!

(b) The image coordinates (x1 0 y‘) of P‘ o
(c) The ordinary image coordinares (x R y) of P| o

%s 1 Froblem (1)

Given SP(XY'YPvZP)vZoycv//o‘}Sve °

Required : a. Space coordinares P1 (XPT R YP' , ZP1

)

b, Image coordinates P1 (x ’ yt)
c. Image ordinary coordinates P1 (x , y)
3, 11 Deternination of P (xpi, Py P,)

Tlie coordinates of the centre of projection 0 ( 0 , 0 , 2, )

of the principal point A (c l/sinzy - coa§¢ ; =¢ coa P, Zo + ¢ cos »).

BEqustion of image Flane P is : (9)
e = s = s == ° 4 9

<z'(x )+, (1 T) 4 Y, (z-2z) 0

where the direction ratios of the camera axis OA

( X’) = ( 91n2»’ - coa%p. cos p , ~ cos ¥ ) (10)
The equatign (9) will be :

X‘/u“inﬂ-coa{b + Y cosd ~ Z cos ¥ +Z0 cog ¥ + ¢ = 0

®

Parametric equations of OP are :

the coordinates

are H

X =t X 7 ' o

yo-ty, . S <o

Z = t ( Z haid ZO) + ZO e @ ° ® [ (12)

Solving (11) and (12) we get :

Koy = -—cXp A R v Zpy c (2, - zP) ‘2 (13)
D D

3, 12 Determination of image coordinates P1(x1 , y’)

Since the y, -axis is the line joining AB, where B ( O , O , Zo + c secb),
then its dlrection ratios are :
(14)
2.

(°<2 ’ ﬂz ’ 52) = sind;/—- coszq,. cos ¢, sins tan /¥ )

2 1 (a% (x, - xP1) + /32 (Y, - YPi) + 3;(ZA - Zp’il('S)

y ol
1 2 2
o<2+ /32+32
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Solving (13) , (14) , (1%5) we get :

y, -+ [c coty - ¢ (ZQ ZP) cosecz/} ('6)
- D (-] @

Since x° = KPS - yf , then substituting in (16) we get

i {
[X? cosecy cos¢ - Ty oosec;/v;in,uc cos ¢, (17)
D

where > 5
D = X - -
P x/;in v cos ¢ + YP cos o + (Zo ZP) cos 4/

¥ 1% Determination of the ordinary imsge coordinstes P'(X.y)

Since, x = x, cos o + Y, sin @

. (18)

y = y' cos @ - X, gin @ o . .

then substituting from (16) , (17) in (lB)kwe get P,(x,y) .

3, 2 Problem (2)
Given : P(X, . Z) P (x,y) , Z_.c,
Bequired § A, Space coordinates Pi(xPi , E}, . ZPl)
bs Image coordinates'P1(x' ' Y,
d. ¢
. z
3, 21 Determination of P'(XP' v ¥y v Zpy)

From(Fig. 3) we have ¢

r = X 4 = 1

4 ®

5? - + r

z_ + o p ! (19) 1 ,

-7 )2 X (Fig. 3)

- Y
- A . (20)
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The coordinates of the principal point A are determined from the two

following locii :
(i) & sphere with P‘ as centre and its radlus equals r

(x--xl,')2 + (y.,ym)’- + (z-azm)zﬁ.: r2 ., . (21)

(i1) A horizomtal circle whose centre S( 0 , 0,2 + ¢ cos /) and its
radius Ty= ¢ sin ~ : °
Z = zo + ¢ oo
2 + ¥ 2 ey . . . (22)
3, 23 Determination of image coordimates Pi(x1.yq)
By substituting from (19),(20),(21),(22) in (16) and (17) we get P’(x‘.w')o

3, 24 Determination of swing angle ©

We gat By applying the following relation

-1
& = ain l ( x ¥y y x, ) o o o . (23)

4, Grphieal solutions and numerical results

The graphical sclutions of the previous two problems, that have been solved
analytically, are established. These solutions depend mainly on the principals
of Descriptive Geometry. They are performed and drawn to satisfy the following

nurerical assumptions :
c = 25 oms, vr= 60 , b= 40 , O = 20
P(K, , ¥, Z) = (40,30 ,425) , 2 = 45 cuos

(4

o
For the equation of the terrain plane B
a = -1 b= - 1.185
If P, |is known » it will be given by the following coordinates in e¢ms. :
Po(xy) = (841, - 16.41) P (xy,) = (13.24, - 12.65)

It i3 noticed that the focal length ¢ , the image coordinates (x,y) (x1.y )
the space coordinates of r(x_,Y Z ) , and the height of flight Z_ are
somewhat inexpressive and inappiicable values, that is to obtain a suitsble
and acceptable graphical configuration.

As described hereafter, the camera axis OA i1s represented by intersecting two
right circular cones having the same vertex 0, the axis of the first is the
Z-axis and its seml vertex angle is » , the axis of the second is the line
passing through O and parallel to the Y-axis and its seml vertex angle is & .
These two cones intersect in real generators if ¢ + + ¢ ;;90 .

4.1 Graphical solution of problem (1) (Fig. 4)
Given :p(ﬁ,,rr,zp),zo,c,y,e,qbo

Required : a. 8§ dinat B
quire a. Space coordinates P, (XP1 . 1}1 , ZP1

RN
¢. Ordinary image coordinates ?1 (x , y)

)

b. Image coordinates P1 (x

Proceedure

. v
1. Represent O by its horizontal and vertical projections O , O respectively.
2. Determine the camera axis OA by the intersection of two cones having the

same vertex O , the axls of the firast is the Z-axls and its seml vertex
angle »,%the axis of the second is parallel to the Y-axis and its semi vertex
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angle = ¢,

3. Represent the principal point A , where OA = ¢ .

4. Represent the image plane P , which passes through A and is perpendicular
te OA ,

5. Represent the point P and join OP , which intersects ,f in P . Hence the
space coordinates P, ( D S A ) are obtained .

6. Rabat the image ane p about” its ve% tical trace on the (Y,2) plane and
determine (A) ?P1 ,» the axis (yi) = (A)(B) . Hence we get the image
goordinates P (x ) o

To Draw in rabat&enl the ordinary axes using the swing angle ¢, and measure

P(x , y) »

40,11 Numerical results of problem Q]I

Grapliical Analytical

(Xpq + Yoy » Zp) | (=~ 2475, = 18,56 , 46.55)| (=~ 24.759,-18.569,46.547)
P, (x, %) (13.24 , =12.65) (13.239 , -12,647)
P(x,y (8,12 , ~16.41) (8,11 , 16.412)
40,2 Graphical solution of problem (2) (Fig. 5 , 6)
Given : P(XP v Xy s 2P) , P‘(x . ¥) Z s, ¥
Required : a. P(Xm i S zm)

:: t;fx1 ’ y1)

d. ¢
Proceedure

1. Determine the space coordinates P1(XP P v Zp ) as in problen (1;,

2o Represent the sphere with point P, as centre and 1adius r=\Vx" +y

3. Represent a horizontal circle who;e centre S(O 0 . Z + f) lies on the
Z~-axis , and its radius Ty where f and r, are obtained from (Fig. 5) o

4, Determine the principal point A by-intersecting the sphere (P1 , r) and

the horizontal circle (S , r1) .

5. Join OA and measure ¢ .

6. Rabat the image plane © as in problem (1) and determine the axes (x ),
(yd) and the point (P ) , then measure X, and y Yo o

7. By using the coordinate x of P, determine the axes (x) and (y) and then
determine the swing angle @ o

4,21 Kumerical results of problem (2)

Graphical Analytical
haad ° p = o ° L] %o 9 ° ) 05
P (Xpy » Ty zm) (-24.7 1806 46.5) | (-24.759 180‘569 46.547)
P = 40 ¢ =40
1'1(1:1 , y,) (13.2 , =12.65) (13.239 , -12.647)
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