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ABSTRACT:

Stereocorrelation in projective photogrammetry is performed by means of eight irregularly distributed points and
yields eight linear equations for the determination of the components of the correlation matrix. Critical
configurations are characterized by vanishing of the determinant of those eight equations, wherefrom critical
point distributions may be derived. Of course, the well-known critical configuration of five orientation points will
belong to it but with respect to eight points, additional conditions of singularity will arise. The following
considerations contain investigations on this subject using projective relations in homogeneous vector notation.

KURZFASSUNG:

Stereokorrelation der projektiven Photogrammetrie erfolgt mittels acht unregelmafRig verteilter Punkte und
beruht auf acht linearen Gleichungen firr die Bestimmung der Komponenten der Korrelationsmatrix. Kritische
Anordnungen sind charakterisiert durch das Verschwinden der Determinante jener acht Gleichungen, woraus
die kritischen Punktanordnungen abzuleiten sind. Natirlich wird auch die wohlbekannte kritische Konfiguration
der finf Orientierungspunkte dazugehéren, bei acht Punkten miissen aber noch weitere Singularitats-
bedingenen auftreten. Die nachstehenden Ausfiihrungen enthalten einige Entwicklungen zu diesem Problem
unter Verwendung projektiver Beziehungen in homogener Schreibweise.

0. INTRODUCTION coefficients exclusively composed of the homologous
affine image coordinates and hence on the spatial
Algebroprojective photogrammetry deals with pro-  distribution of the corresponding object points in the
jective images of completely unknown interior  tridimensional model space. The matrix will become
orientation. The coordinate system of such images  singular if the positions of those points of correlation
cannot be referred to a more or less orthogonal and  correspond with a critical configuration. The intention
isometric external coordinate system, but to an  of the following treatise is, to discover this critical
(affine) internal system defined by suitable object sjtuation from the geometric relations and to find out
points which are projected to homologous points in  a strategy to avoid it. For this aim the following
the images. In this case, stereo correlation results in  symbols in homogeneous notation are used:
the determination of eight parameters, consisting of

the usual set of relative orientation and an additional u' = (1,uy,uy) homogeneouse affine image
set of three parameters related to an interior affine coordinates

coordinate system defined by three non-collinear T _(1y, y,.y;) affine coordinates of the
homologous image points (Brandstétter 1991). These object space

twe affine systems are corresponding images of the |

first coordinate plane of a tridimensional affine Yo

coordinate system in the object space and produce M:{mjk}, j=0,1,2
most uncomplicated projective transformations. k=0,123

center of projection

singular projective matrix

The parameters of stereo correlation are the eight P= {pjk}, j=k =0,1,2,3 regular projective matrix
significant components of a 3x3-matrix C, the core of
the homogeneous coplanarity condition. Applying this
condition to eight pairs of homologous points, a A= {alm}v I=m=23..7 matrix of coefficients
system of 8 linear equations results wherefrom the . . .
components mentioned above may be computed. The =~ @= {a}, i=k=0,1,2,3 matrix of a quadric surface
solution depends on the regularity of its matrix of  p............ local stretching coefficient

C= {cﬁ}, i=j=0,12 matrix of correlation
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1. BASIC RELATIONS

Composing the matrix of projection by its row-vectors

m/ = (m;, m; m;, M), an image point results from
m'y
pu=My or u =—2 (1.1)
i m;)l'y

after eliminating the tiresome factor u. From M result
the coordinates of the center of projection by means
of

My,=0 or my;=0 (1.2)

(Brandstatter 1996). Referring to the interior
coordinate system mentioned above, M itself reads
simply

o= -1 py -1
M= 10 u, 0 (VIRTIS (1.3)
0 0 Mo Ugplg

(Brandstétter 1993). It depends on the four projective
parameters p, =1 p, u, u,, and on the image
coordinates u,,, u,, of a point u,, that is the image of
the third affine unit point of the object space (Figure

1). By means of these elements the image
cocrdinates result from

T Ua: n
e MPLIE: (1.4)

3
1 +k§(l—‘k '

representing the pure projective transformation
whereas (1.1) also contains elements of affine
transformations.

Stereoscopic  image
images P'(w') and P"(u")
coplanarity condition

wiCu =c,u'Zu" =0

correlation between two
is defined by the

(z;=¢;/¢p) (1.5)

(Thompson 1968, Fuchs 1988) with a matrix Z con-
taining besides of z,,=1 the significant eight com-
ponents z; of correlation. Using now, out of the set of
eight points of correlation, three non-collinear points
for the definition of the interior affine coordinate
system, their homogeneous point vectors will contain
the simple components

[ghoc{i)o-f)

and the corresponding system Ag will arise with co-
efficients as listed in Tab. 1. Therefrom follows
directly that zy,=0 and hence det(Ag)=det(A,).
Furthermore, from the equations 1 and 2 of A, follow
two additional simple relations:

201 = ‘—1 - 211 and 202 = —ch —Znn

ke

By their means, projective correlation is reduced to a
5x5-system Agz=a consisting of five rows according
to

ui(ug = 1)z +ujuszy, +(Us —U3)Zyg + UsULZ,H, +

1.5
fug(uy Nz = up-yy (O

with a vector of unknowns ZT = (211 Z4p Zog 214 222) .

€, Go
Figure 1: Definition of the affine coordinate systems

2. THE CONDITION OF CRITICAL
CONFIGURATIONS

Critical configurations referring to projective image
correlation will be indicated by vanishing of the
system determinant, that is

det(Ag)=det(A,)=0. (2.1)

Hence the coefficients of matrix Ag (Tab. 1) will be
responsible for critical situations caused by all point
distributions satisfying this condition. In order to
recognize their spatial distribution, the components of
Ag in Tab. 1, which are composed originally by plane
image coordinates, must be transformed to the object
space by means of (1.1) or (1.4). Using (1.1), the
transformation will contain the typical dyadic product

(mTy)mTy) =y T (mm Ty =yTQy'y . (2.2)
But expressing at first the components of Ag; by
means of the abbreviated terms according to (1.4),
the condition (2.1) will read

International Archives of Photogrammetry and Remote Sensing. Vol. XXXI, Part B3. Vienna 1996



Tab.1: Coefficients of the four functional matrices A; (i=5,6,7,8)

A TOW § Zoo 201 Zpp Z11 Z12 Z20 221 222 a
Ag 0 1 0 0 0 0 0 0 0 0
1 1 1 0 1 0 0 0 0 -1
2 1 0 1 0 0 1 0 1 0
3
: 1 uy  uy uj uy ujuy us u, uf us uj -
7
A; 1T = 1 0 1 0 0 0 -1
2 —_ 0 1 0 0 1 0 1 0
3
: — U uj uf ujuy us us uf us uy -Uj
7
Ag 2 —_ — 1 0 0 1 0 1 0
3
Sl —  — up o (uphuy ujug o u, o upuy o upuy | ouy-u
7
As | 3
= = = Ny uug upug o upuy (up-nuy | g
7
det(Ag)=det(A7)= Because of the fact that det(Ag) results from det(A;)
1 0 1 0 0 0 0 by subtracting the first column from the third one, and
0 1 0 0 1 0 1 det(As) results from det(Ag) by subtracting its first
: : : : : : : column from its fourth and from its sixth one, all de-
SinG ng Mg mengoong o ongni o ngng (<0 terminants are equivalent or in other words, the
a4 d dd’ dd d dd  dd condition (2.1)_ indicates singularity also for_A5 and Ag
: : : : : : : (Tab. 1) and vice versa. Therefore the relation
det(Ag)=
and its expansion into six subde- | T eun T Timm Tr Trmue e
terminants with respect to all com- ~ |k (Q}1_Q01)yk Y$Q21yk Yk (ng - Qi)Y V$Q12¥k Vi (Qiz“Qoz)Yk =0
ponents equal to 1 I Yk Q66yk Yk Qg()yk Yk Q&]Yk Yk QE’}'O'yk Yk Qaéyk
det{A7)= (2.4)
MG NS Mo Mo Noend is equivalent to the previous condition (2.1). As the
“Tadr ddr & day dude | identic denominators of one row may be cancelled
kYk k Mk k kK k¥k
out, (2.4) converts to
| P& i DS Mhdhi NG| T T T T -
& ddy  ddk ddy  didy YRQii¥i Vi@V Y{Qao¥k Y@k ¥yQzo¥i|=0
_| M DR RS Mok e (2.5)
d e ddd de o did in which the indices of the Q refer simply to the
| M ngng Ny NN NG| respective unknowns z, of Tab. 1. It_is obvioug that
dy ddy d  day  aay | (2.3) each component of thi$ final formulation of the initial
” " P A condition det(Ag)=0 represents a quadratic form. This
-k Rac Dada Madh o N2 fact will be of particular interest in the following
o dd ddl di; discussion
| M PR3 nhN3 N hyng
dy dy dydy d,  doy 3. DISCUSSION OF CRITICAL SITUATIONS

The subdeterminants (symbolized by one row Kk,
k=3...7) are composed exclusively by the spatial
coordinates of the respective object points from which
the geometry of the critical configuration may be
derived.
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A first inspection of the subdeterminants of (2.3)
shows that in the case of complete coplanarity, that is
by means of (1.4)

Yk3=0, A =1+ (q-1)y+(1o-1)Yio M= 1y¥

and hence
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NKNZ = WALBYiYio. NN = ubuivy

e R

Vo,
I N

ali of them will vanish simultaneously because of con-
taining proportional columns with nynjy, and n,nj.
Therefrom follows that at least one selected point P,
out of the subset {3...7} has to be situated outside the
[e;.e,]-plane G4-G -G, in Fig. 1 and that all together
two points (P, and G;) out of the whole set are not
allowed to be co-planar with the rest. Otherwise, the
projective relations refer to reguiar projectivities
between bidimensional spaces. This statement agrees
with the need for five non-coplanar homologous points
in connection with the determination of a regular
transformation between tridimensional projective
spaces (Brandstétter 1997).

If one point out of the set {3...7}, for example P, is
considered to be a variable point, an expansion of the
determinant (2.5) into subdeterminants Dj, may be
performed with respect to its row k=7. Therefrom
follows in analogy to (Rinner 1972) the quadratic

function
YTQ11VD11 + VTQ12VD12 + VTonYDzo + (3.1)
+ VTQ21VD21 + VTszyDzz =0

in the projective object space. It may be expressed by
means of the short homogeneous matrix formula

Tab. 2: The Qy in detail

y'Qy=0

in which Q represents the sum of all QD in (3.1).
Therefore A becomes singular if all points of the
subset {3...7} belong to a general quadric surface.
The centers of projection y,, however, must be points
of this surface as well, because, according to (1.2), all
products of the kind mTy0 equal zero and hence the
condition (3.1) (=formula of the quadric surface) is
satisfied identically. This statements are well-known
from literature, especially from the famous "Vienna
School of Geometry” represented mainly by Josef
Krames (Krames 1942) and Waiter Wunderlich
(Wunderlich 1941). Their results were achieved by
admirable synthetic considerations based on a pro-
found knowledge of constructive and projective geo-
metry. But in regard to analytical or digital photogram-
metry, calculational methods are essential ancl hence,
in order to detect and avoid critical situations of
projective image correlation, an algebraic analysis of
this problem should be prefered.

A detailed evaluation of the partial Q's in equation
(3.1) by means of relation (2.2), and using the m, of
(1.3) results in the contents of Tab. 2. They show that
in general, the resultant quadric

Q = QqDqq+ QD43 + QD20 + Q21D21 + Q22D

Qy [row | 0 1 2 3
Q| 0 | O -uf 0 -u§spg

1 0 e 0 uiing

2 0 -pi(ps - 1) 0 -uzi(ps - Huj

31 0 | pilus(usy-0+1] 0 ugg[ps(uss-1)+1]
Q,| O 0 0 0 0

1 0 0 0 0

2 0 Ty 0 ILTENTe:

3 0 UBopips 0 U3qU3pH3U3
Qp| 0 | O 0 - p3 Usol3 - Usng

1 0 0 po(py-1)-p3(pi-1) usops (e -1)-usps(py-1)

2 0 0 H3-H2 usars (3 - 1) -ujong(pa-1)

3| o 0 mo(ug - - ms(us-1) | usops (g - 1)-ugons (s -1)
Q, | O 0 0 0 0

110 0 Wit U3oHAHs

2 0 0 0 0

3 0 0 Usqpous UZqU3op3p3
Q,| O 0 0 -K3 -Uzan3

1 0 0 -u3(us-1) -u3ong(us-1)

2 0 0 M3 EPTES

3 | o 0 ug[ps (usz - 1) +1] usong s (Usp - 1)+ 1]
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contains one significant component =0, that is doo-
It represents the constant part of the tridimensional
equation of second order. Hence, apart of the
centers of projection the surface must pass the
origine G, of the spatial affine coordinate system
as shown in Fig. 2. Therefrom foilows that all
quadrics which can be seen from the base in the
mode of closed concave surfaces represent critical
loci of projective stereo correlation. The well-
known traditional critical quadrics cylinder, cone
and hyperbolic paraboloid form a subset of this

group.

Figure 2: Quadric surface and coordinate system

The coefficients in Tab. 2 depend on the para-
meters of relative orientation. They can be sub-
stituted by expressions depending on the co-
ordinates y, of the centers of projection if a pre-
determination of critical situations is required.
Regarding the structure (1.3) of M, equation (1.2)
can be solved with respect to the p;. The results
read by means of the abbreviations uz,=1-us-us,

and Yo0=1-Y51-Yo2-Yo3

u
wy = 31Y00

. =Y32Yoo o _ Yoo
UsoYo1 = UsoYoz U3oYo3

{Brandstatter 1996). By their use, for any arrange-
ment base-to-object the critical locus of stereo
correlation is predictable.

For each column additionally exist individual
critical quadric surfaces which are caused by the
possibility that all its components become simul-
taneously zero. This case occurs if all points out of
the subject {3...7} satisfy one of the equations
yTijy=0. These surfaces must aiso pass the
origine and the centers of projection. Critical

surfaces not passing the origine will be defined by
proportional columns caused by dyadic products
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resulting in constants Cy. that is yTijy:cjk. If

two columns show that behaviour, critical loci exist
as well.

4. Final Remarks

Because of the above mentioned statements it will
not be difficult, to avoid critical situations of pro-
jective stereo correlation. First of all, there must
exist two points clearly outside the subset of the
others. Further, the internal coordinate system of
the model space must be defined by one of those
two and three non-collineatory points of the sub-
set. At last and as usual, all points of the subset
should not be located on surfaces similar to
quadrics passing origine and centers of projection.
Finally it should be pointed out that all methods of
projective relative orientation based on the matrix
of correlation (Rinner 1963, Haggren & Niini 1990,
Brandstatter 1992) also must obey these
guidelines in order to guarantee stable numerical
conditions.
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