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INTERPOLATION WITH WEIGHT-fUNCTIONS -A GENERAL INTERPOLATION METHOD 

SUMMARY 

Analysis of ex i st ing methods shows that interpolation can be described by 
weight functions which decompose an interpolat ion surface in components 
which are related to the reference po int s . They trace the effects of 
variat ion of reference values onto the inte r polat ion . Alternately a rather 
general interpolation method can be developed based on we ight functions . 
By specifying certain features the method i s adapted to var ious appl ica
tions, in particular to high accuracy DTM interpolat ion . 

Interpolat ion is general l y used for the approx i mate description of funct io 
nal relationsh i ps which a re not exp li c itel y known but of which a 1 imited 
number of functiona l va l ues i s given. In addit i on we demand from the 
interpolat ion spec i fic features, accord ing to our knowledge or expectat ion 
about the relat ionship . The prob l em has no unique solut ion , therefore a 
number of in terpolat ion methods have been developed, based on very diffe
rent pr incip les . 

The interpolat i on of digital terrain models (DTM) i s a demonst rati ve 
examp l e . In an invited paper /6/ fo r the ISP congress 1976 in Helsinki 
Shut has g i ven a review about the interpolat ion methods used for DTM 
interpolat ion . One can dist inguish polynomia l interpo l ation (Bosman , Eckha rt, 
Kubik /2/), least squares interpolation (Kraus /5/) , summat ion of sur
faces (Hardy /4/) , and interpolation with finite e l ements (Ebner, Reiss 
/3/) . 

In this paper the in terpo l at ion with weight functions i s presented as a 
method for ana l ys ing known interpo l ation methods and as a new interpo l at ion 
method . By using weight functions the inherent relation between the 
reference po i nts and the in terpo l at ion su r face becomes ev ident. Thus it i s 
poss ibl e to show the specific features of a known interpo l at ion method . 
I t i s al so possible, howeve r, to create weight funct ions with ce rta in fea
tures , which a re re l ated to spec ifi c propert ie s of the resulting inter
po lat ion . Therefore the interpo la t i on with weight funct ions can be cons i
dered a genera l interpo l ation method, which can be adapted to spec i a l 
interpo l ation problems . 

It is conven ient to create weight functions as 1 inear comb ina t ions of 
certa in base funct ions. All required types of weight functions can be 
obta ined in this way. Th e method of base funct ions has been applied for 
interpolation with weight functions for the purpose of h i gh accu ra cy DTM . 
The important features of the method a re shown in this pape r. The inter 
polation method was rea lized with a computer program related to the DTM 
and con to ur i nterpo l at ion program SCOP (see Kraus /5/ , St anger /7/ , 
Assmus / 1/) . The l east squares interpolat ion of the SCOP program was 
replaced by i nterpo lati on with weight functions . Three examp l es of der i ve d 
contou r 1 ines are presented in f i g . 3. 
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1. The pr i nc i ple of we i ght functions 

DTM interpolation i s an in terpo la t ion p roblem with a 2- di me ns ional d i str i
bution of the reference points. The te rra i n surface i s to be descr ibed by 
an i nterpo l at ion surface . A functional def ini t ion of the terrain surface 
i s not known, but we have a description by reference po in ts . In add iti on 
we have some know l edge about the features of the terrain surface and we 
i mpose the same or s i mil ar features on the inte r polat ion surface . For 
var ious appl ications and spec i ficat ions the feature of the su rface can be 
chosen d i fferently . 

Most interpolation methods are based on a 1 inear relation between the 
in terpo l ation value Zi and the reference va lues r. It means that the in ter 
polat ion va l ues Zi of the i nterpo l at ion su r face are descr ibed as the 
weighted sum of the reference va l ues r: 

z i = w1· r 1 + w2 ·r2 + wn·rn (1) 

Accordingly, by the i nterpo lation with weight functions, each i nterpo l at ion 
value i s decomposed in components , which can be re l ated to the reference 
points. The weighted cont ri bution of each reference value var i es at each 
interpolation po i nt . Therefore the weight of any refe rence po int j i s 
regarded a function of the coord inates xi und Yi of the i nterpolat ion 
point. For any reference po in t j with the reference value rj we get the 
weight funct ion , for the i nte rpo lat ion at po in t i, as 

w. =f. (x ·
1

, Yi) (2) 
J J 

The weight funct ion W' of the reference po int j def ines the weight with 
which the reference v~ l ue rj contr i but es to the computat ion of the i nter
polation value at each i nterpolat ion po i nt. The weight function desc ribes 
the effect of a reference point on the i nte rpo l at ion su rface . Such weight 
funct ions will be used now for ana l ysing known interpo l at ion methods and 
for sett i ng up a new i nterpolat ion method . 

2 . The deduction of weight funct ions of known i nterpolation methods 

In genera l the interpo l at ion methods descr i be the inte rpo lati on surface 
as a funct ion with the coordinates Xi and Yi of the in te rpo l at ion po int 
as paramete r s . Thi s description can be i nterpre t ed as an i nterpo l at ion with 
weight functions, of which the we ight funct ions can be established. The 
deduct ion of weight funct ions can be done for the interpolat ion with po l y
nomials, for the l east squares in te rpo l at ion and for the i nterpo l at ion with 
the summation of surfaces . For the in terpo l at ion with f i nite e l ements, the 
weight fun ct ions can be descr i bed by gr i d values, in the same way as the 
method presents the i nterpo l at ion su r face . 

In this chapter the general deduct ion of weight functions wil l be shown 
and as a n examp l e the weight funct ions of the l east squares i nterpolation 
wi ll be rega r ded in deta il. Diffe rent cha rac t e ri st i cs appea r, when the 
refe rence points have a regular or an irregu lar d i str ibuti on . 

2 .1 The gene ra l case 

In genera l an in terpolat ion surface i s def ined as a funct ion of the 
coo rd i nates u a nd v of the reference po i nts , the reference values rand 
the coo r d inates Xi and Yi of the inte rpo l atio n po i nt, wh i ch a r e used as 
parameters for the description of a su rfa ce 
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z . = f (x ., y . ; u1 ... u , v1 ... v , r 1 ... rn ) (3) 
I I I n n 

The previous l y ment ioned four i nterpolat ion methods can be described by 
the formula 

where 

z. 
I 

( 4) 

r i s the vee tor of the n re fe renee values 
B is a m·n matr ix, where the e l ements are funct i ons of the 

coord i nates u, v of the reference points 
f i s a vector with m elements , which conta i n the parameters 

Xi and Yi for the surface di scr ipti on 

For the interpolation with finite e l ements, the vector f i s replaced by a 
l · m matr i x F, and the left side of the equation becomes - a vector z, wh i ch 
contains th~ interpolated grid values . If we compare formu l a (4) ~ith the 
interpolation with weight functions (1), we can deduce the weight 
functions as 

":!=fT . B (5) 

where the vector w contains then weight functions. We get the weight 
function wj wh i ch is re l ated to the reference point j, as 

VJ • = f T • B • e . ( 6 ) 
J - - - J 

where the vector e. contains what we call standard va lues of the we i ght 
-J 

functions wj . 

The standard values define values for the we i ght funct ions i n the reference 
points . Each weight function is related to a certain reference point and its 
standard value in th i s point is 1 . Al l other standard va l ues of a weight 
function are 0. The standard values have their characterist i c i mportance by 
the fact, that if all weight functions pass through their respective stan
dard values, the in terpolation surface will exactly pass through all 
reference values. 

2 . 2 The weight funct ions of l east squares interpolation 

The least squares interpolation is based on statistical considerations . By 
analysing the reference points with regard to correlation the stat i stical 
behaviour of the surface can be described by a covariance funct ion . As 
covariance function usual l y the funct ion 

Cov = (1 - f)e-s 21m2 

is used, which refers to the var iance 1. After the var iances and the co 
variance-funct ion are known, the i nterpolat ion surface i s descr ibed by the 

formula Zi = fTf-1r (7) 

The n·n matrix C is the covariance-matr ix of a ll reference values, the 
vector f contains the covariances between the reference points and the 
interpolation point. Formula (7) and formu l a (1) are i dentical, if we use 
as weight functions 

":! = fT·f-1 (8) 

The weight function of any reference point j i s 

! • 
J 

(9) 
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Th i s fo rmu l a shows , that the weight functions are comparab l e wi th the 
i nte r po l at ion surface , if we use the standa r d va l ues as reference values . 

The we i ght functions of the least squares i nterpolat ion depend on the 
cova ri ance functio n and the reference po i nt d i str ibu t ion . The covar i a nce 
function conta i ns the f il te ring paramete r f, which contro l s the f i tting 
to t he standard values . It also conta in s the paramete r m, wh i ch i s in 
fact a sca l e factor between the reference po i nts and the covar i ance f unc 
t i on . The d i st r ibut ion of the reference points can be regular or irregular . 
In figu re 1 the i nf l uence of the covariance function parameters and of the 
d i str i but ion of reference po i nts i s shown . 

The filtering parameter f descr i bes the difference between the var i ance 
and the covar i ance fo r the d i stances= 0 . I f the f il tering parameter 
f = 0 i s used , the we i ght functions wi ll pass exactly through the standard 
values . The greater the magn it ude of parameter f the greater the dev i at i
ons from the standard va l ues will be, and the i nterpolatio n surface wi ll 
become smoother . The parameter m of the covariance funct ion controls the 
appearance of the weight funct ions . We will get rap i dl y decreas i ng 
weight functions for sma ll paramete r s m. Larger va l ues of m give st ill 
decreas i ng , moderately swinging we ight functions, until wi th large 
pa rameter va l ues m we wil 1 get regular l y cu r ved weight functions i n case 
of a regular reference po i nt d i stribution, and greatly sw inging weight 
funct ions for an i rregular reference po i nt distr i but ion . 

3. The characterist i cs of we i ght funct i ons and their effects on 

i nte r po l at ion surfaces 

The d i fferent we i ght functions wh i ch appear i n d i fferent interpolation 
methods can be compared and the ir characteristic features can be used for 
descr i b i ng and c l ass i fy i ng weight function types . Each type has its 
specia l effects on the interpolation surface whilst weight functions of 
the same type will cause s imilar i nterpolation results. 

The fo l low i ng character i st i cs are used to def i ne d i fferent types of 
weight funct ions and to describe the ir effects on the i nterpolat ion sur 
face : 

a) Independence of the reference values 

A we i ght function can be dependent or i ndependent from the reference 
va l ues. If a we i ght funct ion i s i ndependent from the reference values, the 
we i ght funct ion (3) s implif ies to 

w. 
J 

( 10) 

whe re u and v are the coord i nates of the reference points . 

A weight funct ion which i s i ndependent of the reference values depends 
only on the distr i bution of the reference points, and the same weight 
functions wi 11 be obta i ned for any comb i nation of reference va l ues . Such 
weight functions describe the effects at the interpolation surface , if the 
reference values are va ri ed . This i s a very i mportant i nterpretat i on of 
we i ght functions . It can be ve ry helpfu l for imag i ning the i nterpolat i on 
surface i n relation to the g i ven reference points . 
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b) Standard va lues of the weight funct i ons 

The standard values have been def in ed i n the preceed i ng chapter 2.2. With 
regard to the refe rence point j, we have 

w. = 1 for the refe rence po int j 
w~ = 0 for a ll other reference po i nts . 

J 
If a ll we i ght functions pass through the ir standard values, the resu lting 
interpo l at ion surface will pass exact l y through the reference po ints fo r 
any comb inat ion of reference va l ues . I f the weight functions do n 1 t pass 
through the sta ndard values, the i nte rpo l at ion s ur face will in general not 
pass through the refe rence va lues (expect fo r some spec i al sets of refe
rence va lues) . The expected d i ffe rences between the refe rence va lues and 
the interpo l at ion su r faces co rrespo nd to the deviations of the weight func
tions from the ir standa rd va lues . If the we i ght functions, wich sab i sfy 
the standard va lues, are smoothed , the weight funct ions can on l y app rox i
mate the standard values . Those smoothed weight funct ions will res ul t in 
smoothed inte rpo la t i on surfaces with a good app rox i mat ion to the reference 
va lues . 

c) Normalization of the weight funct ions 

Weight functions are ca ll ed normalized, if the sum of a ll we i ght functions 
is 1 in each interpo l at ion point. By using normalized weight funct ions , 
we will get a horizontal p l ane as in terpo l at ion su rface , if all reference 
po ints have the same refe ren ce va lues. Othe rwi se dev iat ions accord ing to 
the sum of the weight functions wou l d result. 

d) Continuity and con tinuous derivatives of the weight functions 

I f this weight functions a re not cont inuous o r have not cont i nuous deri
vatives, such characte ri st i cs will in general be fo un d at the in terpo l at ion 
surfaces too . 

e) Geometric fea t ures of weight function 

In order to pass through the s tanda rd values , the weight funct ions must 
dec rease from the va lue 1 in the respective reference po in t to the value 
0 in t he surround ing reference po ints . The essent i a l geometric features of 
we ight funct ions can be descr i bed by curvatu re characte ri st i cs and the 
resu lting funct ion va l ues . The f o ll ow in g c la ss ifi cat ion will be used for 
the desc rip t i on o f the geomet ri c features of weight functions. In figure 
2 examples a re g i ven fo r the various t ypes of the weight functions and 
the as soc iated inte rpo l at ion res ult s . 

Regularly cu rved weights functions have qu ite regularly d i st ribut ed and 
smoothl y chang ing cu rvatures . The function va lues of the weight funct ions 
must not exceed much t he value 1 a nd not become much sma ll er than th e 
va lue 0 . The descent from the value 1 to the va lues 0 will, for smoothness 
reasons cause sma ll negative va lues beyond the s urround ing reference po ints . 
With inc reas ing distance from the reference point, the weight functions will 
approach 0. Regularly curved weight funct ions wi 11 cause interpo l at ion s ur
faces with regular curvatures , as muc h as compa ti bl e with the re fer ence 
values. 

Linear weight functions dec rease app rox i mate l y 1 inea r f rom the value 1 in 
the respect i ve reference po i nt to the value 0 in the surrounding re fe re nce 
points. Beyond the closest surrounding refe rence po i nts the weight functions 
will not diffe r ve ry much from the va l uer . The interpo l ation surfaces 
will have the g rea t est change of s l ope i n the reference po i nts , whil e the 
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surface between the r~ference points is only affected by the closest 
surrounding reference points . 

Rapidly decreas i ng weight functions decrease at a certain short distance 
from the reference point very fast from the value 1 to the value 0 which 
value i s then kept . Such weight functions can descr i be terraced terrain 
forms with great s l opes between them. 

Swinging weight functions reach va l ues much greater than 1 and smaller than 
0 . Such weioht functions can cause unwanted interpolation surfaces , which 
may s 11 in~ very rnuch beyond the values of the reference points. 

4. Weight functions as .a 1 inear comb i nation of base funct ions 

The in terpolation wi th we i ght funct ions i s justif ied and based on the 
insight that the character i st i c featu res of an interpolation can be des 
cribed and determined by weight functions. For different app li cations we 
can create adequate we i ght functions and we wi ll get an interpolation sur 
face accord i ng our specificat ions . The mathemat i cal rnethod for defining 
weight functions is free and can be derived from one of the known inter 
po l at ion methods . 

I t i s convenient not to des i gn we i qht functions as such but rather to 
define thern as linear combinations of certa i n more fundamenta l base functi 
ons. ln ~hi;, v1ay all reqt.Jired types of we i ght functions can be created . The 
nurnber of base funct i ons is adapted to the number of reference points con 
sidered . I n this way the we i ght functions can satisfy all standard va lues . 
Also smooth i ng of weight functions can be done to var i able degrees . 

4.1 Sorne base funct ions and the resulting weight functions 

A base function is a function re l ated to a certa i n reference point . The 
1 inear combination of the base functions , which are related to the d i ffe 
rent reference po i nts , shou l d keep the same number of surface p~rarneters, 
so that the interpolation surface can not be replaced by a similar surface 
with less parameters. Adequate base functions are for instance 

( . 
bA V l+s 2;m2 1+s/m 

bB 
1 

1+s2fm2 1+s/m 

Th is base funct ions all conta i n the parameters , which i s the distance 
from the i nte r po lat ion point to the respective reference point . Th e base 
function parameter m i s used as a sea ling parameter between the base 
function and the reference points . 
After referinn n b~se functions to the n g i ven reference points , we qet the 
weight functions wJ· as 
• 1 

wJ. = f .· a . = b 1. a 1 . + h2 .a 2 . + ... + b . a . (11) 
- J -J J J J J nJ nJ 

where the coeff i cients ~j are unknown. 

By the condit i on , that the weight funct ion Wj has to pass through the 
sta nda r d va l ues , we get the equat ions 

1 = b1ja1 j + ... + b . a nj for the standard va l ue of the reference 
nJ po int j 

0 = b1ja 1j + ... + b .a for all other s tandii rd va 1 ues 
nJ nj 
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The unknown coefficients ~j can be computed from this equation system 

~j = Ej ·~ j and the weight funct ion are obta i ned by 

w. 
J 

( 12) 

The 1 i near comb i nation allows the use of different base function parameters 
for each reference point . It allows also different base funct ionsto be used . 
For each we i ght function different base functions can be referred to a 
reference point. But it is advantageous to relate always the same base 
function with the same parameter to a reference point, because then the in
terpolation surface can be computed directly as 

z. = fT · F- 1·r (13) 
I - - -

By us i ng the 4 mentioned base functionswith the same base function para 
meters, we get d i fferent types of weight functions depending on the base 
function parameters and the reference point distribution. There is one 
i mportant difference between the base functions bA, bs and be, bo , respec 
t i ve l y, wi th regard to continu ity of the derivatives . The base functions 
be , bo do not have cont i nuous derivatives and therefore the weight func
tions can break in each reference po i nt . 

f ., 

For the base funct i on bA = V1+s2/m2 we get 1 inear weight funct ions for 
smal 1 base funct ion parameters, and regularly curved we ight funct io ns for 
med i um size parameters . If we use large base function parameters, we get 
regularly curved weight functions for a regu l ar distribut ion of reference 
po in ts and greatly swing ing we i ght functions for a irregular reference 
po i nt d i str i bution . The weight functions with the base funct ion bB = 1/ 
(1+s2fm2) are only different for smal l base function parameters . Instead 
of 1 inear weight functions we get in this case rapidly decreAsing weight 
functions . For the base function be= l+s/m, the weight functions area l
ways 1 i near for all base function parameters and for all reference point 
distribut ions . For the base function bo = 1/(1+s/m) we also get linear 
weight functions . Only for small base functions parameters, the we i ght 
functions become decreas ing . 

4.2 Smoothing of weight functions 

A weight funct ion , which is a 1 inear combinat i on of base functions , 
can be smoothed by changing the coeff i c i ents of the 1 inear combination . 
Reduced coeffic ients also give smaller derivatives of the weight functions . 
As the coeffic ients are computed under the condition, that the weight 
funct ions have to satisfy the standard values, smoothed weight functions 
can on l y approximate the standard values . 

I f we use an adjustment system , one part of the error equations can describe 
the derivatives of the we i ght funct ion from the standard values as 

( 14) 

and the other part of the error equations can descr i be the size of the 
unknown coeff icients 

v
11

. = I · a . 
- J - - J 
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After referr i ng the weitht matr i x P1 to the der i at i ves at the standard 
values and the we i ght matrix P1 1 to the size of the coeffic i e nt s , we get 
the l east squa res so l ut ion : 

- 1 -1 
~ j = (fj + (f'EI ) E11) · ~ j (16) 

A forma l consideration of (16) shows , that smoothed we i gh t funct i ons are 
obta i ned , i f to the matr i x f of (12) the Matr i x 6 F = (fj'E1 ) -1EII is added . 
Under certa i n assumpt ions , the matr i x 6f can be reduced to a d i agona l 
matr i x . I t can be shown, that changing the di agona l elements of the matrix 
f i n (12) ach i eves an effect i ve smoothing of the we i ght functions. 

Thorough invest i gat ion es t ab li shed the fo ll ow ing rules conce rni ng the mo 
d ifi cat ion of the diagonal e l ements of matrix f: 
a) Fo r the base functions bA V 1 +s2fm2' and be= 1 +s/m , the magn i tudes of 

the diagona l e l ements have to be reduced , for the base funct ions 
bB = 1/(1 + s 2/m2 ) and bo = 1/(1+ s/m) , th ey have to be increased, i n 
order to get smoothed weight funct i ons . 

b) The degree of smooth i ng is dependent on the magnitudes of modification . 

c) The we i ght functions wi ll pass exactly through the standard values , as 
long as the i nit i a l d i agona l e l ements of f are not changed . 

5 . The descr iption of ter ra in surfaces by interpolation with 

weight functions 

The i nterpolat ion wi th we i ght funct ions can be used for highly qual i f i ed 
descr i pt ion of te rra i n surfaces by sophist i cated DTM . The difficulties 
of the description of terrain surfaces are : the often irregular distr ib u
tion of the reference points , the cons i deration of add iti ona l terrain 
in format ion and a qua li fied smooth i ng of the surface . By specify ing t he 
features of the expected i nterpolat ion surface, it is poss i bl e to estab li sh 
the required weight funct ions and to obta i n the wanted features . 

In the following it wil 1 be shown , how in terpo l at ion wi th we i ght funct ions 
can be used to obta i n a high accuracy descr i ption of terra i n surfaces . 
Three representative examples of such i nterpo l at ion results a re presented 
in fig . 3 . 

5 . 1 I rregular d i str i but ion of the reference points 

For the descr i pt ion of terrain surfaces, regularly cu,·ved weight funct ions 
have to be used . Linear weight funct ions wil l cause lower accuracy , as the 
2nd order ne i ghbour i ng reference po i nts have to be cons i de red for a 
suff i c ient descr i ption of the su r face. However, i t i s advantageous , i f the 
we i ght funct ions tend to 1 inear funct i ons rather tha n to great l y sw in g in g 
functions. 

Regularly curved we i ght functions wi th a tendency to approximate 1 inear 
funct ions wil l be obta i ned , i f we use the base function b,.q ={1+ s2fm2 and 
l et t he parameter m vary for each base funct ion according to the mi nimum 
d i stance of the reference po i nt to the closest next po i nt . The we i ght 
functions are to be no rma lized , as desc ri bed above (chapter 3) . 
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5.2 Cons i derat i on of add i tional information 

Additional informat ion about terra i n surfaces can be available i n many 
ways . Very often it is given by spec i al lines or points . Such 1 ines are 
for instance 1 ines of extreme curvature~ 1 i nes of steepest descent , or 
break 1 ines . As specia l points are used the local h i ghs and l ows of the 
terrain . The following remarks wi l l explain the i nformat ion wh i ch such 
1 i nes and po i nts represent . Break 1 i nes , wh i ch also represent i mportant 
i nformat ion about the terrain , will not be further d i scussed is th i s 
paper . 

Curvature lines : Across such 1 ines the terrain slopes are changing . 
These li nes can be used for describing the boundaries between t il ted 
planes wi thout be i ng break l i nes proper . 

Li nes of steepest descent : Perpend i cular to such 1 i nes the te r ra i n sur 
face has horizontal tangents . 

Hi ghs and l ows : The highs and l ows locate a loca l maximum or min i mum of 
the terra i n surface . They imply that the respect i ve tangent i a l planes 
must be horizontal . 

Curvature 1 ines are cons i dered , i f the dens i ty of the reference po i nts 
along the l ines i s increased wi th respect to the dens i ty of the othe r 
reference po i nts . The distances to the surround i ng po i nts wil l become 
smal l er and the we i ght functions wil l closer approx i mate 1 i near functions . 
For taking 1 i nes of steepest descent into consideration we have to use 
supplementary funct ions . I n add i t i on to the base function , we also re l ate 
a supplementary funct i on to each po i nt of those l ines . For each supp l e 
mentary function , we get a new free coeffic i ent a . The coeff i c ients a are 
computed in such a way , that the interpo l ation su r face passes through the 
reference po i nts and that the 1st der i vat i vesof the surface perpendicu l a r 
to the descent li nes disappea r. The funct ion 

b 
_ tx 

s- -----
1 + s2fm2 

can be used es supp l ementai·y func t ion , referr i ng to 
l ocal coordinate systems 1,Jich relate to the po i nts of 
the descent 1 ines . 

Cons i dering h i ghs and l ows , we have to re l ate 2 supplementary functions to 
each point . Then the cond i tion can be satisf ied , that the 1st der i vatives 
in two orthogona l d i rections are 0 . 

5 . 3 The smooth i ng of terrain surfaces 

The smoothing of terra i n surfaces can have two d i fferent purposes . One pur 
pose can be the f i lter i ng of the reference values . Their e rrors (scanninq 
errors , local terrain ir regularities) are nott"be super i mposed on the i nt~ r
polation surface . The second purpose of smoothing is generalisat ion . The 
problem of general i sat i on is that certa i n 1 i nes and groups of po i nts 
should be maintained . The interpo l ation surface shou l d st ill pass exact l y 
through those po i nts and li nes, wh i ch descr i be the most character i stic 
features of the surface . The orig i na l curvatures should be kept too . Only 
between those po i nts and 1 i nes smoothed su r faces are expected . 

For smoothing , we increase the base function parameters . We can e i ther 
i ntroduce min i mum parameter values or mult i p l y the i nit i a l parameters by a 
factor . In order to get smoothed weight functions and to avoid great l y 
sw i ng i ng funct i ons , ce r ta i n cor rect i ons ~f have to be subtracted from or 
added to the diagona l elements of the mat r ix E, see chapter 4 . 2 . The mag
nitude s of ~ f depend on the i ncreased paramete r s mi and the di stance sm to 
the next reference po i nt . A su i ted funct ion was found t o be 
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6f = 0 . 05 (1 - sm2/m i 2) 

Filtering of r efe rence values is obta i ned by us i ng mi ni mum parameter 
va l ues . The i nterpolation surface wi 11 st i 11 pass through a ll reference 
po i nts , wh i ch have no neighbour i ng po in ts wi thin a d i stance smal l er than 
the min i mum pa rameter . I f there is a nearer ne i ghbour i ng poi nt , the respec 
tive element of t he matrix f will be changed , and the su r face wi ll not 
pass e xact l y through t h i s reference po i nt . The actua l dev iat ions depend 
on t he refe r ence va l ues . 

The i nf l uence o f systemat i c dev i ations between di ffe rent reco r d i ng un i ts 
ca n be considered , i f the paramete r s of the base functions are on l y com
pu t ed within one un i t . If there i s a c l oser po i nt from an ot he r record i ng 
un i t , smooth i ng wi 11 take place . 

Scann i ng er rors can be eliminated i f we use d i ffere nt scales in the 
direct ion of and orthogona l to the profi l es . The distance between two 
p rof il es i s reduced to ha l f , i n order to have a regu l~r gr i d for a l l 
profiles of the same scanning di rect ion . The gr i ds o f both scann i ng d i rec 
tions a re superimposed with a sh i ft of half of the gr i d width . Then a 
smoo t hed i nterpolation su r face can be computed accordinoly I ike for two 
diffe rent reco r d i ng un i ts . The result i s t ransfe r red back to the o ri ginal 
system . 

Fo r generalisat ion we use mi ni mum parameters of the base f unct ions o r 
mu l t i p l y the parameters by a factor . The pr i nc i ple i s to i ncrease the base 
funct ion pa rameters i n orde r to smooth the su r face . For the specia l po i nts 
and l ines, as ment i oned , the o ri gina l paramete r s wi l l be kept and the 
in te r po l ation surface wil l sti ll pass exactly through those reference 
po i nt s . Al so the origina l cu rvatu res will not be changed ve r y much . 

5 . 4 . E xa mp 1 e s 

Three contour ] i ne maps are presented in figu re 3 . They were computed 
wi t h the mod i f i ed SCOP program where the l east squares i nterpolat i on was 
rep l aced by the descr i bed i nterpolation method wi th weight funct i ons . 
For al 1 three examp l es , the same reference po i nts have been used , and the 
contou r i nterva l is 5 m. I n examp l e 1 al l reference points are i rregularly 
distributed po i nts . The example 2 shows the terrain surface , if a c l assi 
f i cation i s made between i rregula rl y d i stributed po i nts , points of cur
vatu re 1 ines and descent l ines , and h i ghs and l ows . Now the contour ] ines 
c ross the li nes of steepest descent rectangu l ar l y , and the highs and lows 
are enforced to be the hi ghest or the lowest points of the sur rounding 
surface . Wh il e in example 1 and 2 the surfaces pass exactly through the 
refe rence po i nts , example 3 shows the effect of smooth i ng . The surface 
st il l passes exact l y t hrough the points of the curvature 1 ines and the 
descent 1 i nes and ~ l so through the h i ghs and the l ows . I n between , 
howeve r, the surface i s smoothed . 
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Fi g . 1 Examples of weight funct ions of the l east squa res interpolation 

Qe£e~d~n~y_oi ~a~e_f~n~tio~ 
£a_ca~e_!_e_cs 

a . ) rapidly decreas i ng weight 
function 
(parameter value small) 

• 

b . ) regularly curved weight 
funct ion 

• 

(medium magnitude parameter) 

c . ) greatly swinging weight 
function by irregular 
reference point distribut i on 
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a . ) small f il ter parameter 

• 

b . ) l arge filter parameter 

c . ) medium magn i tude fi l ter 
parameter , and i rregu l ar 
reference point d i str i bution 



Fig . 2 Types of weight functions and related characteristic inter
polation results 

a . ) regularly curved weight funct i on 

b . ) linear weight function 

• ./2 • • • 

c . ) rapidly decreasing we i ght function 

• • • A. • • • 

d.) greatly swinging weight function 
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Fig . 3 Examples of i nterpolation with we i ght funct i ons 

Classes of po i nts used : 
o i rregularly distributed points 
• points on "curvature l i nes'' 
+ po i nts on 1 ines of steepest descent 

-:- h i ghs and l ows 

Ix~m.e_ l~~ · i rregular po i nt distr i but i on, no class i f i cation 

lx~m£1~ ~ · ~ ith class i ficat ion of points , according to the cha racteristic 
terrain features 
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lx~m£1~ 1· With classification of points and smoothinq 
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