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ABSTRACT

This paper, theoretically and practically, states a
get of applied formnlae of much higher accuracy for
calibrating all of the applied geometric parameters
of aerial photogrammetric cameras, with only the
angles o or B meagsured with goniometer. According

to the parameters calibrated by the formulae, the
radial and tangential distortions of points in a
photograph can be accurately corrected, and the

position of image principal point can be exactly
determined abiding by the definition in photogramme-
try. The accuracy of photogrammetry can be enhanced
if the formulae are applied to production.
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1. TNTRODUCTION

With the development of photogrammetric science, the
accuracy requirements for calibrating inner orienta-
tion and distorion of aerial photogrammetric camera,
especially inthe latter case,havebeen much increased.

Now, in the field of calibration of aerial photogram-
netric camera, it is easy to observe the well-known

angles of or B , but it remaines to be researched, how

to only use them tfo determine all geometric applied

paremeters of aerial photogrammetric cameras and how

to introduce them into production. Here is given a

get, of calibration formulae for discussion.

2. DERIVATION OF FORMULAE FOR CALIBRATION

For convenience, it is first supposed that there is
an ideal aerial photogrammetric camera without any
distortion and any mistake of installation. A photo-
graph V, taken with the camers is shown in fig 1.
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Fig 1. An ideal photograph
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Fig 2. An optical designed photograph

The image principal point defined in photogrammetric
literature is represented with P, coordinate axes
are represented by X and Y with the origin point at
P; arbitrary image point in the photograph could be
represented with I which coordinates are (X,Y). We
would name the photograph an ideal photograph.

In an optical design, however,the distortion,optical
distortion, exist indeed. If the optical and mechani-
cal parts and installation of them are made without
mistakes,distortions are symmetrical with respect to
point P and axes X and Y, as shown in Fig 2. In that
cage, the distortion-free image point I will be
shifted from I to i,producing imege displacement Ii,,
i.e. the length of Ii, is the distortion of image
point I and is defined as positive in Fig2. When the
coordinates of i,are designated with (s, ,t,) in the
coordinate system (P-X,Y),according to the opinim of
Dr H Ziemann and other scholars{Ref.5], we can write

\ L] Cy2f+!
o= 3 a,(P1,)

For convenience of application, we can rewrite

1= 32 clpi] "

i.e.
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Fig 3. A show of the real
image plane

In the process of installation, the image plane, the
plane of registering frame,isnot set down into ideal

position. We suppose that the real image plane V is
positioned in angle ¢ with respect to ideal image
plane V,, 8o that the profile of planes V and V, in

principal tilt direction is shown in Figure 3. We
suppose that an arbitrary ray S8'i, through the rear
nodal point 8’ intersects the planes V and V, at
points i, and i, respectively;T is the perpendicular
foot from point 8’ to plane V, and f represents §°T;
P is the perpendicular foot from point 8’ to plane Ve
and F represents S’P. We take point T for origin of
coordinates in plane V, and (s,t) for coordinates
of i,. When the planes V and V, coincide each with
other by rotating them around their intersecting
axis, base on the Wang Yuwei Formula [Ref.1], we can
write

f . Fe:
S, _ S+ gz Sinty —2-51/”2,‘
[t']’—('*g) t#-gsimiy ;simiy (2)

in which

F-f+(s+ ‘2{:5&"5*)5%57( +(t+ fs&«é,)s«;. Ey

f - (5+Esint,)simty - (t+ L sinty)sinty

£x and ¢y represent the tilt angles of coordinates
axes in the plane V with reference to the plane V,,

and F and f represent the principal distances to the
planes V, and V respectively.

£ =

In the process of optical installation, inevitably,
various errors wonld appear. In order to describe
the effect of the erroreg in the geometric state, F E
Washer suggested a model of thin prism [Ref.4],
I would name it Washer Prism. PFirst, we suppose
that Washer Prism is set at the rear nodal point S’.
Baged .on the model, we can consider that the errors
cauge a cone of raya with central ray 8’P to be
deviated at an angle 7 , and relatively, the ray S°T
to be deviated at an engle 9 , as shown in Fig 4. In
Fig 4, 8’P’ represents the deviated position of the
prime principal ray S’P, 1 represents its deviated
angle correspondingly, 8’T’ represents the deviated
position of ray S’T which deviates simultaneously
with the ray 8'P, 9 represents its deviated angle.
The so~called simultaneous deviation of ray S’T with
ray 5’P means that all of the rays in the cone with
ray 8'P as a centre are rotating around a line
which is passing through point 8’ and perpendicular
to plane 8’PP’,

Washer Prism
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Fig 4. A show of the model of
thin prism

Geometrical state of
supposed plane V’

Fig 5.

We make up a perpendicular plane V' aeross the ray
8T’ at point T’, and S’T’ is represented with F’;
we take the plane V' as a photograph with principal
distance F’. On the plane V', we define T’as origin,
and take linea which are corresponding to coordinate
axes on planes V as coordinate axes,i.e. the axes on
planes V' and V are through the same image points
correspondingly. We can write an equation of rela-
tionship -between arbitrary image point i,{e,t) on
plane V and its corresponding image point I’(x’,y’)
on plane V' as

sio
t F'

Along the plane S8’T’T, we cut out a profile as Figh.
When the cone with the central ray S8°’T deviates at
an angle 9 causing the ray S’T to rotate from §°T
to 8°T’, at the same time the ray §’i, in the prime

cone with central ray 8’T deviates from §’i, to 8’i’;
three points 8°,i’ and 1’ are collinear.

Al

X

y' (3)

If we suppose plane V' as a vertical photograph with
principal distance F’ and plane V as an obligue pho-
tograph with principal distance f, based on the Wang
Yuwei Formula again, we can write

1]
X s+ Lsimd| [Esindy

J=(1+£) + (4)

\]

t Lty | Lty

where

5= Ff e (s Esady ) sanly ¢ (1'+ Fsinty) santy
f-(s'+ gsiml’x)s&n}’, —(t'+ -g-sédy)sf‘m?},

Yy and Yyrepresent the tilt angles of the coordinate

axes on real image plane V with reference to the
supposed image plane V’.
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Washer Prism
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Fig 6. Effection of Washer Prism

In the above text, we have supposed Washer Prism as
positioned at the rear nodal position. When Washer
Prism is at some position in space as shown in Fig 6,
the distance from rear nodal point §'to Washer Prism
can be represented with d which direction shown in
Fig 6 is positive. When d equals zero, the ray 8'i,
must be refracted from §’iy, to 8’i’; when d does
not equal zero,the ray 8’i, must be not refracted at
gsegment S’R and must be refracted from Riyto Ri. Ray
Ri intersects plane V at i, a real image poiint, and
(X,¥) are its coordinates with origin at point T.

Obviously, both §’i’ and Ri are become from the sane
ray 8°i, refracted by a same thin prism, Ri run
parallel to 8’i’, so we can write

Ti'=Ti+ 47’
T + %(T«‘ - T1‘V)

Il

with

=4

we can write

T =Tl =P Ty
!

r-¢
s _ P s
t' I-¢ |t (6)

in coordinate form. When we replace (x’,y’) in Eq.3
by (x’,¥’) in Eq.4, and (s,t) in Eg.6 by (s,t) in
Eq.3, the mathematical relationship betwcen (s’,t’)
and (X,V) can be completely obtained. In considera-
tion of performing iteration calculations on compu~
ter, the Eg.6 is very convenient. Therefore, other
forms of mathematical relationship wouldbe no longer
deduced.
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Fig 7. A show of coincident photograph

When we make the planes V and V,inFig3d coincide each

with other by rotating them around their intersecting
axis, a coincided photograph can be formed as Fig 7.

In the photograph, we only mark the point I in Fig.1

and thepoint i in Fig6. V. in Figs 1 and 2 represents

ideal photograph, and V in Figure 6 represents real

photograph or image plane with {o-x,y} as fiducial

coordinate system. Primarily, the point I is in the

plane V,, and the point i is in the plane V. If the

fiducial coordinaes of point T is expressed with

(X43¥¢), then the relationship between (x,y) in

{o-x,y) and (X,¥) in (T-X,§) for the same image point
i must be written as

GI1=GI-E]

Thus, according to the all of above eguations, replac-
ing one by one, we can obtain the coordinates (X,Y)

of the ideal image point I, which are free of distor-
tion, by use of fiducial coordinates (x,y) of the

real image point i, The mathematical form can be

written as

(7>

[X]_[Fx(x; Y5 Fs X125 Y75 C0sCloCa "9 Crs ExsEys Vs Yys P) ]
Y Fo(x, ¥ s Xrs Y75 CosC1sC2 "5 Cas €23 Eys Vs Vyy p)

and, the distortion of image point i is (8)
(T
1= =
Ay (y—ye) =Y
All of above parameters are
listed below:

9

{(n+13) in number as

Digtortion coefficiermts C,,C,,Cys- " Cyus
Obligue angles of image plane €, €y;
Deviating angle of optical axes j,, yy;
Washer coefficient ¢ ;

Used principal distances F, F’, f;
coordinates of perpendicular point x,, ¥y,; or
coordinates of principal point Xps Vpo

Those parameters can be determined with only the
measuremente of all angles & or 8, but the F, F’ and
f can be properly chosen [Ref.3], or supposed to be
equal to any calibrated principal distance. For the
convenience of representation of camera’s geometrical
state, the F and F’ would be defined by Eq.11, the f
by Eq.15, the (x,,y,) by Bg.16, and the (xP,yP) by
Eq.13 later.

3, THE GEOMETRICAL STATE OF CAMERA

the oblique angle

With parameters €x, £y, Vxand fy,
direction can be

and its principal obligue line
written as [Ref.1]

€ = arc sinl [Singc+ Sin*y /
_ SinEx - né e
%6—arc+an————s;n£y +(1-59 V)3
= qrcsin [[sin® 2+ s/‘nz}’,] .

7(1 =arctan ;’:3; + (1= sgniy) %

Obviously, € and ¥ are They
represent respectively the oblique angles that the
image plane V deviates from its ideal position
plane V and its supposed plane V’; on the plane V,
respectively, both principal obligue line directions
are defined as those of PT and P’P or T’T,which tilt
towards the nodal points and intersect with the axis
v making angles ¥, and Ky or %93 clockwise direction
as positive.

(10)

defined as positive.
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Fig 8. A show for planes V*® and
Vo coincided with plane V

As shown in Fig 4, points Py, P’ and T} represent
the points where the straight lines S’P, 8’P’ and
8'T’intersect with plane V respectively. We take the
plane V’ to coincide with plane V by rotating them
around their intersecting line, and do same to the
plane V,with plane V, then the coincided image plane
of the three planes V', V,and V can be made ag shown
in Fig 8. Given

F=fsect
F=fsec? (an
point P must be coincided with point P, , and point

.

T’with point T} ; and then, the geometrical state of
angles ¢ and ¥ or 7 in the space are not changeable
when the three planes rotate for coinciding. Accord-
ing to the process generating angles 7 and 9 , we
know that the locus of point P’ is a straigt line
and, the locus of point T’ is a quadratic line. With
the consideration of that the angles« and? are very
small,the angle between P'P and T’T can be deemed as

L(P‘P,T\T‘) = —zLarc S/'n(ané sind Siﬁ(%g-%y))
According to the relationship between an obligue
angle and its coordinate oblique angles [Ref.1], we

can write

Sin?Y
Cos (E Sin(Kg ~ %1))

T =arcsin

}Cz=7(1 +Elﬂrcsin(5in£$fn?Sin(%e-%y)) (12)
Ly = ArCSin (Siﬂ T Sin 767,)

’Ly: arcsin (5;0'(1 COS%-c)

The geometrical relationship among the angles %%’

He and ¥y , as shown in Fig 9, the bottom view of
Fig8,are those among the principal oblique direction
of angles 7 , € and ¥ . Then, the fiducial coordina-
tes of points P , T’ and P’ ean be written as

4

Xo|  [%e] [flangy
Ve - ¥r ) f'h:miy
X [%] [Ftanx
Yol Y] |Fany (3
'X,~ Xy f‘m'?x
¥e) (Ve | Ftany
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Fig 10. A coincident photograph
and the length of three segments among them

PT=ffan€
PP = Fian?
TT = f 4an ?
In Figure 9, the point P represents the first across
point where the primary principal optical ray inter-
sect with ideal image plane, 1i.e. the perpendicular

foot from rear nodal point to that plane., When the
image plane, the plane of registering frame, rotates

(14)

at an angle € around point P along the direction PT

towards rear nodal point, the perpendicular foot
shifts from the point P to the point T. When the
primary principal ray geta a deviation cansed by

errors of installation,the ray passing through point
P deviates from 8’P to 8’P’, i.e. the point P where
the primary principal ray intervsects with the image
plane shifts from P to P’; at the same time, the ray
§'T deviates from S§'T to S°T’,

For the convenience of comprehension and application,
gummarizing all above Figures and keeping their
explicit important elements, we can make a general
show for results of camera calibration as Fig 10.

Note again,the Fig 10 canbe considered as a fivefold
geometric state, describing negative, positive,tran-
aparent positive, image plane and calibration plane.
I1f we take it as image plane or calibration plane,it
must be with the rear nodal point §° down or scale
lines down; if we take it as positive, transparent
positive and negative, the latter must be with emul-
sions down, and others with emualsions up. No matter
which geometrical state does FiglQ express,the coor-
dinate relationships of mathematics in it are not
changeable and, PT 1is always the direction of its
oblique angle £ which rotates around point P towards
the nodal points 8’ and S, as well as PP’is always a
locus of intersected point where the primary prin-
cipal ray deviated at an angle T from ideal position
to real position intersects with it.



4. ERROR EQUATIONS FOR DETERMINATION OF
CAMERA PARAMETERS

In Eq.8, the first three from parameters of fixyy ¥y

- and p should be calculated first,then the others.
According to the angles « or A measured on the gonio~
meter, 3 represents minus « ,as shown in Fig 11. The
parameters (x, ,y, and f) can be directly determine
[Ref.2] by

"J.’ ny
Z:(siHZG;)zfx+Z;(sin2a;)zfy
e

= - (15
x ’»‘}‘
‘z‘_,l‘(sinzai>=+2]‘<sin2ai>=
i= i=1
Xr >sinta; 0T, /> sin'a,
i=1 i=1
= (16)

7y "y
Ir Zsin‘a;-OT;/Zsin‘a;
i=1 FEy

AA'A” TPO B"B'B
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S/
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Fig 11. Angles of or B measured on goniometer

In Fig 11, P"S is a incident ray of S’P. Now we make
a perpendicular plane B"P"A"™ at the point P"; given
P¥8=F, +then P"A" could be deemed as X or Y in Eg.1,
and P"B" as negative direction of P"A". The incident
rays O"S and T"S of 3’0 and 8’T intersect with plane
BYP"A" at O" and T" respectively. Obviously, every
angle ol or g corresponds to its X and ¥, which can
be directly calculated with angles €, , £,, fyand 4,
by

X,=Ftan(a;—@.+&.)

Y;=Ftan(a;—@,+¢,)
(i=1,2,3,++,2n,)
(G=1,2,3,,2n,)

an

where 2ny and 2n, represent the numbers of measured
angles at axes x and y respectively,i.e. double band
numbers of measured angles; and

e B
g- [(Xr—Xo)/
[Q;JZ[iizigé,_g/g] 19

For an arbitrary image point (xi,o) at axis x of
calibration plate, we can obtain the corresponding
(X,Y); with Eq.8, i.e.
[X]_[Fz(xi:oif,xr’yr,”',p):l
Y dp LE (5,505 f5 %75 970005 P)
where the X is just the same geometrical value as X;
in Bq.17, 8o one of error equations can be made as
—A,-‘—“F,(xg, 0; fy Xy otcy P)-—Ftan(a,-—95+8§)

for arbitrayy image point(o,y;) at axis y of calibra-
tion plate, in the same way,” we can write

[X] =[F,(0,y;;f,xn'",ﬁ)]
Y j Fy(oyyj§f9x29""p)
and

—A;=Fy(0,9;5fs%rs+-*sP) —Ftan(a; —fy+£€5)

With their weights

P;=cos*a;, P;=cos'a;

the correction equations can be written as

Vi=F.(x;,0; fy%z,+++,p)—Ftan(a,—0-+£5

Vj=Fy(0,3;3 fy %1y, P) — Ftan(a; — gy +&,)
(1=1,2,8,°,20.)
(j=1,2,38,+,2ny)

Bagsed on the theory of adjustment, Eg.20 can be
treated and the values of parameters C,,C,,;C....
and p can be accuratly worked out.

(20)

According to the all solved parameters, the distor-
tion-free coordinates (X,Y) of arbitrary image can
be obtained with Eq.8, and their rms errors would be
eatimated by

[")=[ P (21

My 1+ (y/F)?
Because the principal distance f can be properly
chosen and the theoritical value of parameter C, is
zero, the number of real parameters to be calulated
would be (n+2+5) and, corresponding to unit weight,
the mean error g would be estimated by

2m 2n,
U=z ;‘:,;Vﬁcos'a,--!- Zl)vicos*ai (22)

=
2n;+2n,— (n+5+2)

By the way,when the p does not equal zero (see Fig6),
the rays of central projection refracted by Washer

Prism are no longer of central projection; but when

the ¢ equals zero, the rays are still of central

projection. That is, when the p equals zero, all re-

fracted rays must rotate around the rear nodal point

§8', 8o the geometrical relationships among the rays

are unchangeable, and the deviation angle 7 of the

cone of rays with reference to the image plane canbe

reversely deemed as a deviation angle of the image

plane with reference to the cone of rays,as shown in

Fig4. Thus,the position of the perpendicular §’T can

be deemed as formed by twice rotation of the image

plane from S'P’ indirectly to S'T with going through

S'P, or by single rotation of the image plane from

S'P’ directly to S’T without going through 8’P, In

the latter case, 8°’P can be deemed as S’P’, and we

can obtain a conclusion of that angles % and 9 are

egual to zero. That is, the p is zero, the 7 is zero;
we nmust pay attention to that case during the process
of calculation.
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5. THE CALCULATION OF CAMERA PARAMETERS

For the set of error equations in Eg.20,the extraor-
dinary nonlinear functions,it is a difficult problem
to solve it during adjustment. But, based on the
principles in aerial photogrammetric literature, and
by making a concrete analysis of concrete conditions
carefully, the problem has been solved. Because of
limited space, the calculated ateps of the solving
method of the problem would be only expressed in
principle here, and the steps of computer program:

1) Input the primary measurements;

2) determine the initial values of parameters;

3) perform the adjustmant;

4) find out the iterated values of parameters in
(i)th iteration;

5) find out (%,§), (s’,t’), (x’,y’) and (s,t);

6) find out (s, ,t.), (X,¥), X; and Y;;

7) find out all of V; and V;, and to analyse their
gituation;

8) compare the results of iteration in (i)th and
(i+1)th;

9) print the final results.

6. EXAMPLE

According to the above formulae, with use of the
calibration plate made in China and calibrated by
Metrological Research Institute of China, the actual
calibrated neasurements and calculation have been
performed for the Wild camera RC-10 in Xian, China.
All measurements are obtained at diagonals and the
calculated results are as follows:

No.of camera /Format: Wild RC-10 No. 2149/23x23cm
Goniometer: Made by Reseach Institute No.303,in
Beijing,China.

Rms error of obseved angles: m, = mg = m =t0."8
Num. of bands: ny = ny = 15 (Bandwidth 10cnm)
Calibrated principal distance: F = 87.99684 mm

Coordinates of image principal point P:

%,=~0.01497 mm YP=+O°01732 mm

Distortion coefficients:

f =87.99684 mm
xy=-0.01272 mm
Co=—0.0
¢,=-0.261689 - 10°°
C,=-0.309024 - 1075
C,=+0,928586 - 1078

v, =+0,01539 nm

C,=-0.712027 - 10°"°
Cs=+0.100630 « 1072
Co=-0.359739 - 1075

Oblique angles of image plane:

4 ° 4 ”
€x= +5.3 % = 130 32 40.8
57= ~4.5 £ = 6.9

the deviation of optical axis:

Tx=Vy= -01

° ? ’”
Ky= 181720 33\8
'ly:’})yz -2.6 '? =

2.6
Washer coefficient:

P =+0.019375 (d=+1,70474 nm)
Rms error of unit weight:

M = 1.60um

Rms error of coordinates (X,Y)

mﬂ, i\.éa{.: f((://:;:JMm

7. CONCLUSIONS

The formulae discussed in this paper have following
characteristics:

a) The obtained principal point P(x ,y )and principal
distance F in keeping with what have been defined
in photogrammetric literature.

b) The corrected coordinates (X,Y) of arbitrary
image point are truly needed photogrammetric coor-
dinates with the origin at image principal point
defined by photogrammetric literature and, free
of radial and tangential distortions; obviouly,
the photogrammetric accuracy would be benefitted
by application of the coordinates.

c) The obtained parameters reflect respectively the
guality of photogrammetric camera with respect to
optical design,optical installation and mechanical
installation. The parameters, therefore, can be
taken as the important indexes of the geometric
quality of an aerophotogrammetric camera. For the
quantitative analyses of the stability of geome-
tric quality,it is beneficial to repeatedly cali-
brate parameters on one camera for a long time.

By the way, in view of that the influence of distor-
tion on coordinates of image point have been exactly
solved by means of calbration in this paper, distor-
tion would be no longer a troublesome problenm.
Therefore, we suggest that aerial photogrammetric
cameras, especially to the cameras for use at high
altitude and stellar cameras, would be from now on
designed with less or even without requirements for
distortional tolerance; and using thus saved "design
power" designer would consider some other guality of
items, such as resolution, clarity and illuminance,
especially, the latter would be possessed of very
more important significance.

Thanks to Ms. Gu Xiaoling for writing program and
performing calculation; without her work to help, it
was impossible to complete this paper.

(Note: In this paper the explanation of concrete
method for solving nonlinear error equations Eq.20
is not detailed, it would be carefully stated in my
next paper)
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