
ABSTRACT 

ON THE RELIABILITY OF ADDITIONAL PARAMETERS 

Deren Li 
Wuhan Technical liniversl ty 
of Surveying and Mapping 
Wuhan, Ch ina 
Commission III 

WOlfganf Foerstner 
Institute of Photogrammetry 
Stuttgart University 
Stuttgart. FRG 

In order to compensate the possibLe systematic errors in observations it is necessary to 
perform a self calibrating adjustment wi th some sui table addi tional parameters. These 
parameters, besides being able to describe the existing systematic errors properly, should 
have also a good reliability. Based upon the extended reliability theory the internal and 
external reliability (i.e. determinability and sensitivity) of additional parameters are 
investigated in this paper. The determinability and sensitivity factors are caLcuLated 
and analysed for a series of self calibrating bundle bLock adjustments with different 
geometric configurations. The results show that the now commonly adopted measures of 
significance and determinability tests are not quite adequate for the correct selection 
of additional parameters. It is only their sensitivity test that gives a most efficient 
measure for such a purpose. 

1. INTRODUCTION 

It is well known in photogrammetry and in geodesy that the seLf calibrating adjustment 
with additional parameters can compensate the systematic errors existing in observations. 
But up to now a satisfactory method for selecting additional parameters has not been 
found. The reason is that in many cases, especially in weak blocks with sparse ground 
control, there is a certain contrary between the complete compensation of systematic 
errors and the stabi ti ty of the model. To solve this contrary two different treatments 
are usually used /LL1985/'. 

In the first treatment the stabi li ty of the adjustment modet or the numerical stabi ti ty 
are ensured by improving the block geometry or by treating additional parameters or best 
all unknowns as weighted observations wi thout any deletion of addi tional parameters from 
a comprehensive parameter set. The another treatment is to select addi tional parameters 
from a set of candidates during the adjustment in order to ensure the stability of the 
modeL. In this case the statistical tests are of caurse required / Foerstner, 1930 and Li, 
1981 /. For instance, in PAT-BS program the significance test and determinability test 
are introduced for the selection of addi tional parameters, whi Le in BLUH program besides 
the significance test a correlation anaLysIs of additional parameters is carried out. 
Based upon the use of Qxx and Qvv matrices in a principle component anaty'sis or a 
stepwise regression anaLysis Sarjakoski has proposed two special measures for controlling 
the geometricaL quati ty of the model extension / Sarjakoski, 1934 /. 

However the most important thing for the set! calibrating adjustment is not whether the 
additional parameters are significant or determinable, but how great the effect of 
non-determinable additional parameters on the adjusted results. In this sense it is 
vaLuable to investigate the external reliability of additional parameters and to compare 
it wi th their internal re liabi 1i ty in order to find a most efficient measure. for 
selecting additional parameters. 

2. DETERMINABILITY AND SENSITIVITY OF ADDITIONAL PARAlYlETERS 
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2.1 Determinabi ti ty of additional parameters 

The self calibrating adjustment starts from an extended Gauss-Markov-Model and has the 
error equations: 

..... 
v = Ax + l1V s -l , P 

where ~ -- estimator vector of the unknowns of basic model, 
'\IS -- estimator of additional parameter vector. 

A and H -- the correspondent coefficient matrices and 
l -- observation vector with weight matrix P. 

(1) 

The lower bound \los for additional parameter vector, lvhich are determinable with a 
probabi li ty :> 130 under a test wi th the significance number ao ' can be derived: 

(/sl=1) (2) 
wi th 

( 3 ) 
in which, 

P"=HTPQ",,PH 

(5) 

The value oo'(s) represents the size(with unit Go) of determinable additional parameter 
in direction s of p-dimensional space in which p is the munber of addi tional parameters. 
Therefore it can be used as a measure of internal reliahi li ty of addi tional parameters. 

oo(s) is the non-centrality par~meter in direction s and is a function of statistical 
parameter ao and 130 If oo(s)=oo is chosen independentlY from s, eq.(2) describes 
the eLlipse of boundary values. If additional parameter vector falls into the eLLipse, it 
can not be statistically determined by the self calibration. 

Thus, we can obtain determinability factors for single and multiple additional parameters 
as following: 

( 6 ) 
and 

where At .(Pss) is the eigenvalue of matrix Pxx in the direction of eigenvector 'i , 

2.2 Sensi tivi ty of addi tional parameters 

The effect of non-determinable parameter vector Ceq.(2)) onto the estimated unknowns is 
calted as the external reliahility of additional parameters. It is usually determined by 
the lenghth 80(s) of this influence vector. We define this value as sensitivity factor of 
additional parameters: 

( 3 ) 

in which 
( 9 ) 
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Also assuming that ~oCs) is independent from the direction s we obtain the sensitivity 
factors of the adjusted results with respect to non-determinabLe parameters as following: 

1 

and 

The vertors ti here are the soLutions of the general eigenvalue problem; 

(Pss - Pss) t = {7,~i6~} Pss t 

3. EXPERIMENTAL COMPUTATION 

( 10) 

( 11) 

( 12) 

At the present time only in PAT-BS program packet the determinability values for 
individual additional parameter can be computed. It has been proved in practice that this 
measure is more important than other statistical tests for selecting additional 
parameters / Foerstner,1930 /. Therefore, a systematic investi9ation on internal and 
external reLiabi li ty of addi tlonat parameters unter different geometry configurat ions 
must be necessary and practically useful. 

The computations are done by the use of simUlation data which has the block sizes of 
2:-<5, 4x9, 6xl3 and axl? photographs. Each photo~raph has 9 tie points. The control point 
distributions are shown in Fig. 1 . Regarding different flight arrangements the 
computation versions are summerized in Tab. 1. The author has developed a program which 
is connected wi th PAT-BS for the computation of matrices Pss Pss and re llabi li ty 
fartors of additional parameters, All coruputations were done in Harris HIOO at the 
Inst i tute of Photogrammetr~', Stuttgart Universi ty, 

4. RESULTS AND CONCLUSIONS 

According to eq.(6),(7) and (10),(11) the determinability and sensitivity factors are 
calculated for different versions in Tab.l and different block SiZ8S( see Tab. 2 
Tab.5). The orthogonal parameter set from /Ebner, 1976.·' is used: 

Llx=bl'~+b2Y -b3(2 x2 -4b2/3) +b4xy + bsCy2-2b2/3) + 

+b7XCy2_2b'"/3) +bg(x%-2b 2/3)Y+ 

+bu (x%-2b2/3) Cy2-2b2/3) 

LlY= -blY+b2X+blXY-b.(2y2_4b2/3) +b6 Cx%-2b%/3) + 

+ b.(x2- 2bz/3) Y + b10X(Yz- 2bz/3) + 
+b12 (x%-2b2/3) CY%-2b'l"/3) 

( 13 ) 

From these resutts of simulation computations the following conclusions cun be drawn: 

a) The internal and external reliability of additional parameters depends essentially 
on the flight arrangement. The widely used single block with 20 perrent sidelap is 
not beneficial for the determination of lTH1Il)' parameters ( such as bl-h; ,b t ,b, ). 
A bet ter determinabi li tv of addi t ional parameters can not be obtained thron~h 
increasing the side o~ertap to 60 percent. Only vthen using the cross flights 
(version K20 ) all parameters can have much better detenninabiLity than those 
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at other flight versions under any control distributions. 

b) The improvement of the reLiabiLity of additional parameters with the decrease 
of control interval is not so significant. For instance, there are always 3-4 
non-determinable parameters in commenly used single block with 20% side overlap 
while the control intervaL varies from 2 to 12 basis. Only when at the 
ends of each flight derection line a horizontal and vertical controt point is 
added ( version 28 ), the non-determinabiLity problem of additional parameters can 
be salved. On the contrary, if using cross flights, the very good determinabi li ty 
of additional parameters can be obtained independently from the control point 
distribut ions. 

c) Contrary to the re11abi 11 ty of photogrammetric observations, the retiabi li ty 
of additional parameters has a very complex reLation with the size of the bLocks. 
Fig. 2-Fig.4 show the dependences of determinability and sensitivity factors on the 
block sizes, from which we can find the determinabi ti ty of parameters are atwaJ's 
improved with the increase of the block size, because the bigger the size of the 
block, the more photogrammetric information can be used to determine additional 
parameters much better. NevertherLess it must be noted. the effects of 
non-determinabLe additionaL parameters on adjusted results are not always decrease 
wi th the increase of the block size. In some cases, such as in the case of Fig. 2, the 
bigger the bLock. the worse sensitivity additonal parameters have. The dependences of 
the maximum values of 8/ and~o on the size of blocks are shown in Fig.4.0nly in the 
blocks with cross flights ( version k20 ) or in the bLocks with 60 percent sidelap 
and the same ftight derection (version D 60 B) the sensitivity of additional 
parameters wi U be improved wi th enLargement of block size. The reason, why the 
relationship between the reliability of additional parameters and the size 
of the blocks is so complex, can be found in appendix of Li, 1937, the discussion here 
will not go on in detail. 

d) The external reLiability of additional parameters is always worse than their 
internal reUabi Ii ty, which is fuLLy reversal to the retiabi ti ty of gross errors. 
According to the study on the reliability of block triangulation / Foerstner, 1985 / 
the sensitivity factors for gross errors are in any cases smalLer than their 
controllabitity factors.From fig.2,3 and 4 we can find: 
First ly, the maximu.m value of sensi tivi ty factors for addi tional parameters is much 
greater than the maximum value of determinabi ti ty factors, i. e. 

SecondlY, the differences among the sensitivity factors are also much greater than 
the differences among their determinability factors. 

e) The sensitivity factor of additionaL parameters should be adopted as a main measure 
for automatical seLecting additional parameters in self calibrating adjustment. The 
determinability factor is although a good measure for selecting additionaL parame
ters as comparer{ wi th other measures, it is st it 1 not a ideal measnre. The reasons 
are: 
- The determinability factor gets atwats smaller with the increase of block size, it 
does not mean the effect of non-determinable systematic errors on the adjusted 
results also gets smaller; 
- The differences of determinabiLity factors is so small that it is very difficult 
to find a suitable threshOld for determinability values by the seLection of 
additionaL parameters." 

When Hsing the sensi tivi ty factor of addi tional parameters as the measure for their 
selecting the above described problems can be welL Salved. For example, when in Fig. 2 



and Fig.3 we use determinabiLity factor to select additional parameter, alL 
parameters wiLL be determinable by the use of o~,;t<l .But if we teto~,;t<O.6 the 
many additional parameters for the block with 2X5 photographs- wiLL be 
non-determinab leo On the contrary, if we use sensi tivl ty factor to select them and 
choose 8o,;t~5 as the threshold, the right decision for selecting additional 
parameters can be always made. 

It can be also proved that the sensi tivi ty factor is better than the relative measure of 
accuracy lx from / Sarjakoski, 1984 /, which includes some experince-based heuristic 
factors and demands more computational efforts. Instead of his relative measure of 
internal reliability lv we can use the separability muLtiplying factor or directly use 
the correlation coefficient between gross and systematic errors (see/ Li.1936, 1987/). 
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Fig.2 Dependence of reliability of additionaL parameters on block sizes 
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Fig.3 Dependence of reliability of additional parameters on block sizes 
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E'.!.O.i/b:=2A 

2X,5 4x9 

Fig.4 The relationship between the maximum value of 8
0

' and 60 
and the bLock sizes 

Tab.l Versions of simuLation computation 

~dl 
I I 

F li 9 h t c on t r 0 l jib = 12 ilb = 6 ilb = 4 ilb='!. 
arrangemen t _____ 

SingLe btockq=20% £20-12 £=20-6 £20-4 £20-2 - D60A-4 D60A-2 Double q=60% - D60A-12 D60A-6 
block --q=60% - D60B-12 D60B-6 D60B-4 D60B-2 -Cross fl ighLq=20%~ K20-12 K20-6 K20-4 K20-2 
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!/J 
!-t 
C!.) 

additional i/b:: 12 i/b :: 6 i/b :: 4, i/b=2 i/b =211 
..... 
C!.) 

parame ter 60' So 80' . So 80 ' So 1)0' So 80' 
~ So 

e; 
('S 

!-t 
~ b1 2.60 55.17 0.66 13.53 0.39 7.34 0.25 3.50 0.25 3.34 
~ 

b:, 2.41 51.44 0.54 10.70 0.29 4.70 0.21 2.00 0.21 1.17 
~ 
\:.l bs 0.19 1.39 0.19 1.37 0.19 1.32 0.19 1.08 0.19 0.89 
0 b4 co co co co co co - - 0.51 10.81 ..... 
~ 

b. - co - co - co - co 0.66 11.56 
~ 
~ 

b, 0.26 2.52 0.24 1.90 0.24 1.65 0.23 1.21 0.23 l.19 

....... b7 7.36 112.04 1.86 28.05 1.11 16.38 0.71 10.03 0.60 8.24 
0 

b. 7.26 112.04 0.33 2.76 0.32 2.45 0.30 1.89 0.30 l.88 
> ... ...... 

....... b. 0.27 0.65 0.27 0.63 0.27 0.58 0.27 0.48 0.27 0.45 
b10 0.30 1.91 0.30 1.85 0.30 1.80 0.29 1. 72 0.28 1.25 

..Q 

~ PH 0.34 1.67 0.34 1.67 0.34 1.66 0.34 1.63 0.32 0.61 ,,-... 
C") 

C!.) 
..... bu 0.32 0.85 0.32 0.85 0.32 0.85 0.32 0.84 0.32 0.79 

!-t X 
(0 

........ 
0 ~ 

q N 
!-t IJJ 
C!.) '-' 

tl 00 co co co co 00 00 co 0.98 15.25 
t:, co co co co co co co co 0.66 11.65 

..... 
x: t3 co co co co co co co co 0.51 10.86 
C!.) t, co co 0.62 11.96 0.38 6.44 0.34 2.59 0.32 2.54 
~ 
q t. 2.64 56.38 0.55 11.01 0.34 4.90 0.32 2.23 0 •. 32 1.19 
~ 

..... ta 2.41 46.86 0.34 2.76 0.32 2.45 0.30 1.81 0.30 1.78 
~ 
q '7 0.34 2.52 0.33 1.90 0.31 1.81 0.29 1.80 0.28 1.26 
!-t 
C!.) ta 0.32 1.93 0.32 1.83 0.31 1.72 0.27 1.41 0.21 1.20 ..... 
\:.l t. 0.30 1.81 0.30 1.79 0.28 1.56 0.24 1.21 0.23 0.88 ..-. 

'to 0.27 1.23 0.27 1.21 0.27 1.07 0.23 0.83 0.23 0.15 
C'\3 tu 0.26 0.84 0.24 0.84 0.24 0.84 0.21 0.82 0.21 0.60 

,..Q 
~ '11 0.19 0.58 0.19 0.56 0.19 0.52 0.19 0.46 0.19 0.42 

E-< 

!/J 
!-t 
C!.) ..... 
C!.) 

e 

add i tiona 1 i/b == 12 i/b =6 

I 
i/b=4 

I 
i/b =2 lib =2a 

parameter 80' 80 1)0' 'Go 80' 'Go 60' So 80' 'G. 
~ 
!-t 
«:l bi 1.41 40.95 0.44 12.21 0.29 1.24 0.19 3.58 0.18 3.18 
~ 

..... b:. 1.44 41.85 0.39 10.69 0.24 5.52 0.11 2.74 0.16 2.33 
ro 
\:.l 

bs 0.14 1.08 0.14 L06 0.14 1.05 0.14 1.05 0.14 0.92 
0 b, co co co co - - - co 0.35 1,0.01 

...... bs co co co - co - - - 0.49 11.61 
~ 
~ 
~ 

be 0.16 0.51 0.16 0.48 0.16 0.46 0.16 0.45 0.16 0.43 
....... b7 0.24 2.80 0.22 1.69 0.21 1.35 0.21 1.05 0.21 0.99 
0 b. 3.99 82.32 0.24 2.78 0.23 2.48 0.22 1.96 0.22 1.92 
?:;;, 

b, 0.20 0.74 0.20 0.70 0.20 0.65 0.20 0.60 0.20 0.49 
blO 0.21 l.03 0.21 0.99 0.20 0.93 0.20 0.82 0.20 0.65 

..Q ,,-... 
~ ~ 

bu 0.24 1.29 0.24 1.29 0.24 1.28 0.24 1.26 0.23 0.64 
X bl2 0.23 0.80 0.23 0.80 0.23 0.80 0.23 0:19 0.23 0.68 

C!.) e.g 
!-t « .. 
~ 

0 
e.g 

\:.l Q 
!-t '-' 

tl - co co co - 00 co co 0.49 11.70 
t: co - 00 00 co co - co 0.35 10;08 

C!.) 

:><: 
ts 4.46.00 9727.11 0.45 12.45 0.29 1.36 0.24 3.62 0.23 3.24 

C!.) t, 1.48 42.96 0.40 10.77 0.24 5.53 0.23 2.74 0.23 2.33 
~ 
\:.l til 1.33 36.59 0.24 2.78 
~ 

0.24 2.47 0.22 1.93 0.22 1.81 
te 0.24 2.80 0.24 1.61 0.23 1.38 0.21 1.36 0.21 0.98 

~ 
t:: 
<l) 

t7 0.24 1.38 0.23 1.38 0.23 1.31 0.21 L04 0.20 0.92 
tl 0.23 1.22 0.22· 1.14 0.21 1.07 0.20 0.96 0.20 0.75 

+-' 

\:.l t. 0.21 0.91 0.21 0.95 0.21 0.94 0.19 0.92 0.18 0.69 
I--! 

t 10 0.20 0.84 0.20 0.83 0.20 0.83 0.17 0.82 0.16 0.63 
C",-j '11 0.16 0.45 0.16 0.42 0.16 0.41 0.16 0.39 0.16 0.38 
,..Q 

(t\ tu 0.14 0.40 0.14 0.38 0.14 0.31 0.14 0.35 0.14 0.33 
r-
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v, .... addi tionaL i/b = 12 i/b= 6 i/b = 4 i/b =2 
a,) ....., 
a,) 

parameter 8/ So 
S 
ro 
I-< 
C':S hi 4 X 108 1 x 10' 0.44 12.27 0.29 7.24 0.19 3.58 
p.., 

b: 1.44 41.85 0.39 10.69 0.24 5.52 0.17 2.74 
C':S 
~ 

03 0.14 1.05 0.14 1.01 0.14 1.00 0.14 0.99 
0 b, 0.14 1.34 0.14 1.30 0.14 1.26 0.14 1.14 

+-' 

-0 
""t::: 
ro 

b. 0.17 1.40 0.17 1.18 0.17 1.10 0.11 0.99 
be 0.11 1.20 0.17 1.16 0.17 1.15 0.11 1.12 

~ 
b1 0.24 2.80 0.22 1.69 0.21 1.35 0.21 1.05 

0 

>." 
b. ClIO - 0.24 2.78 0.23 2.48 0.22 i.96 
b. 0.22 0.74 0.20 0.70 0.20 0.65 0.20 0.60 
blD 0.21 1.03 0.21 0.99 0.20 0.93 0.20 0.82 

,...... b11 0.23 0.23 0.23 0.23 0.23 0.22 0.23 0.22 
('? 

a,) X 
1111 0.23 0.41 0.23 0.40 0.23 0.39 0..23 0.38 

I-< (0 

CO"' 
C"$ 0 'I - - 0.45 12.45 0.29 1.36 0.23 3.62 
c: CD .... Q t z 217 .15 1081.14 0.40 10.77 0.24 5.53 0.23 2.14-
a,) '-' 

........ ts 1.48 42.96 0.24 2.78 0.23 2.47 0.22 L93 
:-< 
Q.) t, 0.24- 2.80 0.23 1.67 0.23 1.31 0.21 1.18 

"'0 c: ts 0.23 1.43 0.23 1.35 0.23 1.30 0.21 1.08 
ro te 0.23 1.41 0.22 1.18 0.21 1.11 0.20 1.04 
C':S &., 0.21 1.22 0.21 1.14- 0.21 1.10 0.19 1.02 
c:; .... 
<.J.:; 

t • 0.20 1.13 0.20 1.12 0.20 1.01 0.11 0.96 
til 0.17 1.02 0.17 1.01 0.11 1.00 0.17 0.96 
tlG 0.17 0.40 0.17 0.38 0.17 0.38 0.11 0.31 

.." tl1 0.14 0.39 0.14 0.38 0.14 0.37 0.14 0.35 
tlz 0.14 0.22 0.14 0.22 0.14 0.22 0.14 0.21 

v, .... 
a,) 

a,) 

5 

additionaL 

I 
i/b = 12 

I 
i/b=6 

I 
i/b=4 

I 
i/b=2 

parameter 80 ' ,So 8/ lJo 60' So 80' 'G. 
c::: .... 
c::: 01 0.16 1.11 0.15 1.61 0.15 1.66 0.15 1.65 
p.., b: 0.14 0.31 0.14 0.37 0.14 0.36 0.14 0.36 
c::: b" 0.13 0.72 0.13 0.71 0.13 0.11 0.13 0.36 
c: 
0 b, 0.18 3.68 0.18 3.65 0.18 3.62 0.11 3.45 

.-0 
0, 0.23 4.17 0.23 ·4.11 0.23 4.17 0.23 4.15 

""t::: 
-0 b, 0.11 0.90 0.11 0.86 0.17 0.83 0.16 0.20 

C':S 

~ 
01 0.32 5.21 0.30 4.55 0.29 4.50 0.29 4.43 

0 b. 0.26 3.24 0.22 1.25 0.21 1.02 0.21 0.60 
>~ ....... b. 0.19 0.36 0.19 0.34 0.19 0.31 0.19 0.20 

blO 0.20 0.14 0.20 0.74 0.20 0.14 0.20 0.13 
...c;, ,.... 

C':S ('? 
011 0.23 0.88 0.23 0.88 0.23 0.88 0.23 0.81 

a- X 
.... (0 

bl & 0.22 0.34 0.22 0.33 0.22 0.33 0.22 0.30 

--' 0 
N ('j 
~ c: '-' .... 

'1 0.41 1.36 0.32 5.59 0.32 5.53 0.32 5.46 
t z 0.25 4.20 0.23 4.20 0.23 4.20 0.23 4.11 

a,) - ts 0.23 3.70 0.23 3.61 0.22 3.65 0.22 3.41 
:".; 
a,) t, 0.23 3.11 0.22 1.34 0.22 1.13 0.22 0.91 

...,... 
&5 0.22 0.95 0.22 0.95 0.21 0.95 0.21 0.82 

~ te 0.20 0.90 0.20 0.86 0.20 0.83 0.20 0.78 
C':S &7 0.19 0.80 0.19 0.80 0.19 0.80 0.19 0.52 
.:: .... 
('1, 

t • 0.18 0.12 0.18 OoH 0.18 0.66 0.11 0.33 
t. 0.17 0.56 0.16 0.56 0.16 0.56 0.16 0.11 

I--< 

tu 0.15 0.34 0.15 0.32 0.15 0.32 0.15 0.14 
11-:' gil 0.14 0.32 0.14 0.32 0.14 0.27 0.14 0.12 

...c;, 
c::: ta 0.13 0.14 0.13 0.14 0.13 0.13 0.13 0.12 
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