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Abstract 

The paper discusses of triangulation using Digi
tal Terrain Models (DTMs) as additional or exclusive control 
information * The mathematical model for the integration of this 
information into the block adjustment is described. Then the 
conditions for the absolute orientation of a block by the 
exclusive use of a DTM are discussed. The accuracy of combined 
point determination using DTM information is investigated by 
simUlations. Finally, the results of a practical test are 
presented and possible future applications are mentioned. 

1. 

The determination of control points or control information for 
orientation and accuracy improvement of a photogrammetric block 
in aerial triangulation is usually quite expensive and time
consuming. At many private and public organizations, however, 
local, regional or country-wide Digital Terrain Models (DTMs) 
are generated and available in data bases. Therefore, it is 
reasonable to consider this information about the shape of the 
terrain in a combined block adjustment. 
The method was first proposed in connection with simUlation 
studies for digital three line imagery (Ebner and Muller, 
1986). Investigations concerning the orientation of photo
grammetric models by means of DTM were performed (Rosenholm and 
Torlegard, 1987). A practical example was presented by (Muller 
and strunz, 1987). 
In the following chapter, the mathematical model for the inte
gration of DTM information the block adjustment will be 
described. Then the conditions for the absolute orientation of 
a block, i.e. the definition of the datum by the exclusive use 
of a DTM are discussed. The accuracy of combined point determi
nation using a DTM as exclusive or additional control informa
tion is investigated by simUlations. ly, the results of a 
practical test are presented and possible future applications 
are mentioned. 

2. Mathematical Model 

In point determination by photogrammetric means, non-photogram-
metric information on the one hand for the defini-
tion of the datum and on the other for the improvement of 
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the accuracy and reliability of the results. Normally, coordi
nates of control points are used for this purpose. Moreover, 
general control information, e.g. geodetic observations, data 
from navigation or positioning systems or any geometric infor
mation about the object, can be used in a combined adjustment 
with all available data (Ebner, 1984; Ackermann, 1986). In this 
paper the use of a given DTM as control information in aerial 
triangulation will be discussed. 

A Digital Terrain Model is a mathematical description of the 
terrain surface. If the DTM is given in the coordinate system, 
in which the coordinates of the points are requested, for each 
object point Pk an observation equation can be formulated: 

with: 

.... A 

VZk = Zk - Zk(Xk'Yk) 

unknown coordinates of object point Pk 
observation zk derived from the DTM 

residual of zk 

(1) 

The observation zk is given by the planimetric position of the 
point Pk and the parameters for the description of the DTM. In 
case of a raster DTM these are the coordinates of raster points 
and the algorithm for the interpolation of the height of an 
arbitrary point from the raster heights. If a bilinear interpo
lation is used, this height is calculated from the surrounding 
4, raster points .. Assuming constant raster width Zk(Xk,yk ) is 
glven by: 

x -x· Y -y. 
= (1- k ')(1_ k J) 

d d 

Xk -xi 
• z .. +--

1 ,J d 

Y -y. 
(1- k J) " z. 1 . + 

d 1+ ,J 

with: 

grid points 

grid width 

P. . (x. ,Y .) 
1 ,J 1 J 

P. 1 .(x. 1 y.) 
1 +,J 1 + , J 

Pi ,j+1(x i 'Yj+1) 

P;+1,j+1(x;+1,Yj+l) 

d = Xi+1-X i = Yj+l-Yj 

P. . 1 1,J+ 

P .• 
1 ,J 

P. 1 . 1 1+ ,J+ 

P. 1 . 1+ ,J 

o 0 0 
The linearization of (1) using the initial values xk ' Yk' zk 
yields: 
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== (2) 

with: 
0 0 

aZ k 1 Y k -Y j) 1 Yk-Y' 
== (- a + . z. . + (- - J) . z. 1 . + () 

d2 1 ,J d d2 1+ ,J aX k 
0 0 
Y -y. (Yk-Yj ) + (_ k J) • Z. . 1 + • Zi+l,j+l 

d2 1,J+ d2 

+ 

A remark shall be made concerning the observation zk- The value 
Zk(~k'Yk) is derived from approximate values ~k and Ykf which 
cnange in each iteration of the adjustment. Therefore, the 
observation zk also varies from iteration to iteration. 
The stochast1c properties of the DTM information can be de
scribed by its covariance matrix. In the following, the DTM 
observations are simply assumed to be uncorrelated and equally 
accurate. 

3. Absolute orientation of a Block using a DTM 

In this chapter the absolute orientation of a photogrammetric 
block by the exclusive use of a DTM will be discussed. The 
basic results are also valid for the absolute orientation of a 
single model .. 
From photogrammetric image coordinates the position of points 
can be derived according to the collinearity equations. The 
rank deficiency of the normal equation system with regard to 
three translations, three rotations and the scale factor cannot 
be compensated for by photogrammetric data. If the position of 
the points shall be expressed by coordinates, these 7 para
meters have to be fixed. We denote the object coordinate system 
by (x,y,z) and describe the position of points determined by 
photogrammetry only in an arbitrary coordinate system 
(x',y·,Z'). 
Let us first consider the "normal" case, where 7 coordinates of 
identical points in both systems are necessary to determine the 
transformation parameters. For these coordinates 7 transfor
mation equations can be formulated. If the arbitrary coordinate 
system (x',y',z') is chosen in a way that only differential 
translations, rotations and a differential deviation of the 
scale factor from 1 are necessary for the transformation from 
(x',y',z') to (x,y,z), these equations read: 
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'" 
xk 

:= XO + Zl k 
. q, - Yk K + xk • m + Xl 

k 
A A 

YO - Z· • w + Xl • • m + Yk (3) Yk := K + Yk k k 
A "-

Zk := ZO - X' . q, + Yk • W + Z' • m + z' k k k 

wi th: 
A ,., ... 
XO, YO, ZO translation parameters 
q, , W K rotation parameters 

A 

(l+m) sca 1 e factor 

The coordinates xk ' Yk' zk are regarded as error-free values in 
order to exclude effects Que to project parameters, which are 
specific for a particular block, e.g. image scale, overlap, 
measurement accuracy. 

In the following it will be investigated, whether a DTM can be 
used for the determination of the 7 transformation parameters. 
Instead of given coordinates in the system (x,y,z) the condi
tion has to be fullfilled that the points lie on the surface 
defined by the DTM. In the non-redundant case 7 observation 
equations (2) can be formulated; the results, however, can 
easily be applied to redundant cases. 

with the definitions 

0 
x· 0 

y' 
0 

z ' x = , Yk = zk = k k k k 

equations (3) can be changed into: 

0 " llXk 
:= xk - xk := xk - x· := XO + z· . q, - Yk . K + Xl . m k k k 

0 A A 

llYk := Yk - Yk := Yk - Yk := YO - z' • W + xk .. K + YI<. . m (4 ) k 
0 A 

llZk := Zk - Zk := Zk - ZI := ZO - Xl . q, + yl<. . 
W + z· . m k k k 

A A A 
Replacing ~xk!_ ~Yk' ~zk in (2) using equations (4) we obtain 
linearized DTM observation equations, containing the unknown 
transformation parameters: 

:= 

ax' k 

- -- . '" A 

YO + ZO + (- Xl<. 

(5) 
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or in matrix notation: 

" A 

v = A t - h 

with: 
AT "" 
v = [V z , ... Vz ] , 

1 7 
AT "-

t = [ XO , ... e m , 

hT = [(Zl(Xi,yi)-Zi) , ... (Z7(X7'Y7)-Z7)] , 

A = observation equation matrix 

The accuracy of the unknown transformation parameters is ob
tained as: 

(6) 

wi th: 

Ktt covariance matrix of the transfonnation parameters 

Khh covariance matrix of the DTM observations 

A detailed analysis of the accuracy of the transformation 
parameters requires the inversion of N0 Some main conclusions, 
however, can already be drawn from the diagonal elements of N. 
Assuming Khh = Gh

2 * I (I: unity matrix), the diagonal elements 
of N read: 

7 aZ
k 

2 
n(XO,XO) 1 I = (-) 

a 2 k =1 ax' h k 

7 aZ
k 

2 
n(YO,YO) 1 I = (-) 

(J 2 k =1 aYk h 

n(ZO,ZO) = 1 
7 

(J 2 
h 

7 aZ k 
2 

= 1 . I (_Xl -_ .. z;) (7) (J 2 k=l k ax· h k 
7 aZk 

2 
= 1 

I ( Y· +- zk) (J 2 k =1 k ay' h k 

n(w,w) 

1 7 aZ k az k 
2 

= - .. I (- y' - _. xk) 
a 2 k =1 ax' k ay' h k k 
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n(m,m) = 
1 

a 2 
h 

7 
. I ( 

k =1 
z' -k 

In principle, the translation ZO can always be determined by 
the use of DTM information, independent of terrain shape and 
point location. Also the orientations ~ and w can be determined 
in general. The reason ,that the DTM primarily gives height 
information, i.e. every point can be regarded as control point 
in z. The translation parameters XO, YO, the scale factor (1+m) 
and the rotation K are only determinable, if the respective 
diagonal elements of N are not equal to zero. The translations 
XO and YO can only be determined, if there is local slope at 
the points. The scale factor (1+m) and the rotation K can only 
be computed, if the local slope at the considered points 
ful Is specific conditions. 
The accuracy, by which the 7 parameters can be determined, 
results essentially from the values of the diagonal elements of 
N. It depends primarily on the accuracy of the DTM (0), the 
location of the points (xk'Yk,zk) and the local slope cHaracte
ristics of the terrain (azk/-dxk , azk/ayk ). 

4. Accuracy of Combined Point Determination Using DTM Informa
tion 

The accuracy of aerial triangulation using a DTM as exclusive 
or additional control information was investigated by simula
tions based on a given DTM. 

The parameters of the simulated block are: 

- block size: 8.28 km * 11.04 km 
- image scale: 1 : 10 000 
- focal length: 153.0 rom 
- forward / side overlap: 60% / 20% 
- number of photographs: 60 (6 strips, 10 photographs each) 
- distance between object points in x and y: 600m,300m,150m 
- minimum number of points per image: 9, 36, 144 
- mean terrain slope: 13.0%, 6.5%, 1.3% 
- standard deviation of image coordinates: 10 ~m 
- standard deviation of control point coordinates x,y,z: 0.10 m 
- standard deviation of DTM observations: 20m,10m,5m,2m,1m,Om 

The bundle block adjustments were performed using the program 
system for combined point determination of the Chair of Photo
grammetry of the Technical University of Munich, which allows 
for the introduction of various types of non-photogrammetric 
information (Muller and strunz, 1987). 

In the simulation, the number of points per image, the mean 
terrain slope and the accuracy of the DTM were varied. The 
different terrain slopes were generated by changing the z 
coordinates of all object points accordingly. 
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Figure 1 shows perspective views of the DTMs with the different 
mean slopes used in the investigations. The exaggeration factor 
in z direction is 3 in each case. 

Mean Slope 13.0 % 

Mean Slope 6.5 % 

Mean Slope 1.3 % 

Figure 1: perspective views of the DTMs 

In the block adjustments the standard deviations OAk I OAk ' 
OAk of the object points were calculated. The r.m.§ value~ ~A 
of all OAk and o~k and ~A of all oAk were used for the descri~Y 
tion of tne theofetical ~ccuracyo z 

Conventional aerial triangulations with control points were 
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simulated for comparison reasons. The results of these simula
tions are given in table 1. 

Control points Points per I1-xr 11-'" 
image (min) (m (ffi ) 

tQJ 0 0 (Q] 
0 0 0 0 

4 xy 0 0 0 0 9 0 .. 32 0.24 
0 0 0 0 36 0.17 0.21 

28 z 0 0 0 0 144 0.13 0.19 
0 0 0 0 

(Q] 0 0 iQ1 

Table 1: results of aerial triangulations with control points 
for a mean terrain slope of 13%. 

various simulations were performed using a DTM as the only con
trol information. The effect of the number of points per image, 
the mean slope of the terrain and the accuracy level of the DTM 
on the accuracy of the oject points was investigated. Only some 
representative results of the simulated block adjustments shall 
be presented in tables 2 - 4. 

Points per 
ILx¥ 

I1-A 
image (min) (m (ffi ) 

Points per I1-xr IL .... 
image (min) (m (ffi ) 

9 5.11 1.52 9 1.16 0.47 
36 2 .. 50 0.64 36 0.54 0.26 

144 1 .. 25 0.35 144 0.28 0.20 

(a) (b) 

Table 2: effect of the number of points per image 
fo~ a mean terrain slope of 13% and an accuracy of the 
DTM of 10 m (a) and 2 m (b). 

Mean terrain 
ILx,¥ 11-'" 

slope (%) (m (ffi ) 
Mean terrain 

ILx¥ 
IL .... 

slope (%) (m (~) 

1.3 26 .. 62 0 .. 95 1 .. 3 5.62 0.31 
6.5 5.31 0 .. 91 6.5 1 .. 18 0.31 

13 .. 0 2 .. 68 0.89 13 .. 0 0 .. 67 0.31 

(a) (b) 

Table 3: effect of the mean terrain slope 
for a minimum of 9 points per image and an accuracy of 
the DTM of 5 m (a) and 1 m (b). 



Accuracy of 
Ji- X,¥ Ji-A 

the DTM (m) (m (fti ) 
Accuracy of 

Ji-xt 
Ji-A 

the DTM (m) (m (fti ) 

20 10 .. 44 2.72 20 4 .. 97 1.16 
10 5 .. 11 1.52 10 2.50 0 .. 64 

5 2 .. 68 0 .. 89 5 1.26 0.40 
2 1.16 0.47 2 0 .. 54 0.26 
1 0 .. 67 0 .. 31 1 0.31 0 .. 21 
0 0 .. 19 0 .. 04 0 0 .. 09 0 .. 03 

(a) (b) 

Table 4: effect of the accuracy of the DTM 
for a mean of 13 % and a minimum of 9 
(a) and 36 (b) image. 

In general the following conclusions can be drawn from the 
results of the simulation study .. 
In planimetry the accuracy Ji- A of the obj ect points is practi
cally inversely proportional fZ the mean terrain slope and the 
square root of the number of points per image. Moreover, Ji-A 
depends linearly on the accuracy of the DTM. The height accur~Y 
cy Ji-A is roughly speaking inversely proportional to the square 
rootZ of the number of points per image and depends almost 
linearly on the accuracy of the DTM. However, the height accu
racy does not depend on the terrain slope. 

A number of simulations was performed using both, control 
points and DTM observations, as control information. The 
results of the simulations can be summarized as follows. 
The xy accuracy obtained by control points only (see table 1) 
can not or only slightly be improved by DTM information under 
the accuracy assumptions used in these investigations. Only DTM 
information of high accuracy can improve the xy accuracy ob
tained by 4 control points. The effect of the additionally 
introduced DTM information is more significant, the control 
points are less accurate than assumed here. Because of practi
cal and accuracy reasons the use of xy control points is re
commended. Only if the accuracy demands are low, the exclusive 
use of a DTM might be a practical alternative to control 
points. 
Considering the z accuracy the results are promising.. Even at 
low accuracy levels of the DTM, the introduction of this infor
mation gives good results.. A certain accuracy in z can be 
obtained by a dense distribution of z control points over the 
block or by DTM information with normally less precision than 
the control point coordinates.. The influence of the point 
density or number of points per image is high, because the 
higher the number of points, the more DTM information used. 
For the replacement or the reduction of the number of z control 
points the use of a given DTM is recommended. 

5. Conclusions 

In the paper the use of a DTM for the orientation of photo-



grammetric blocks has been discussed and the accuracy of the 
block adjustment using DTM information has been investigated. 
The results indicate, that the method gives sufficient accuracy 
in height for many applications. This is valid even for a DTM 
with low quality. In planimetry the DTM information is normally 
less effective. The effect depends on the local slope characte
ristics of the terrain. This corresponds to the results of a 
practical test with real data published in (Muller and Strunz, 
1987). The method has been applied to a block in the 6tztal 
Alps, Austria. The image scale was 1 : 20 000, approximately 20 
points per image were measured and a DTM was given with an 
accuracy of 2 m. The accuracy of point determination with the 
use of a DTM as the exclusive control information was deter
mined empirically by comparing the results with independent 
control point coordinates. The differences indicated an accura
cy of the block adjustment in planimetry and height of 1.5 m 
and 0.8 m, respectively. 

Applications of the method are conceivable in all projects, 
where a DTM is available. For instance in topographic mapping, 
the cost for the establishment and signalization of classical 
control points, especially z control, can be reduced. Mapping 
from satellite imagery, when the accuracy requirements are not 
so high, or photogrammetric map revision could be possible 
fields of application for the method. Also for the production 
of orthophoto maps, where a DTM is necessary anyway, the use of 
the DTM information for the aerial triangulation seems rea
sonable. The principle of the method, i.e. the inclusion of 
geometric information about the object, can also be applied to 
close-range applications, because often digital models for the 
surface of objects are available. In industrial applications, 
e.g. for shape control, the method could in principle also be 
used. In these cases aberrations from the theoretical shape can 
be detected quite easily. 
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