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ABSTRACT: We argue that remote sensing of object's state
is a promising field in itself, and that it could enhance the
clagsification accuracy.We show that point-by-point methods
fail,and so the problem is put as a statistical one of esti-
mating the mean values (that is, the first moments) of state
variables over an area. ;

The method is a modification of the maximum likelihood
estimation procedure.lt needs extensive information on the
relation between the state and the brightness,which is deri-
ved by nearly the same method from test area observations,
Once fully determined, this relation is valid everywhere.Ve
are able to a priori and a posteriori assess the sensitivity
of the method to data shortage, noise, and violation of some
assumptions.iathematically, the moments of a random variable
are estimated from the obgervations of the summatory statis-
tics of a non-linear function in that variable.It is a rather
general problem.

Introduction

Remote sensing of a known object's state, e.g. of crop
maturity or soil humidity, has been receiving little attenti-
on (particularly, in automatic data processing) as compared
to remote sensing of object's cathegory, i.e. to classifica-
tion.The state of objects is, however, the most promising fi-
eld for remote sensing because of the need for this informa-
tion and the difficulties of collecting in situ the large
amounts of it in a timely and precise manner.

The obvious explanation is that even the object's type
can be deduced from remotely sensed data with only a marginal
accuracy so that the much more complicated problem of asses-
sing the object's state by classification must seen altogether
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hopeless. Some experience in the field has only supported

this belief /1/. We deduce from this not that the problem
should not be tackled, but that the method should be statisti-
cal estimation rather than classification. 1t is only natural
since the problem is of a continuous rather than of a discrete
nature.

We show that if the object's type 1s known and some ra-
ther common statistical assumptions are fulfilled, putting
the problem as one of estimation immediately gives us a pac-
kage of ready-to-use powerful statistical methods better de-
veloped and aestetically more pleasing than classification.
We carry out in this paper what adaptation of classical esti-
mation methods to our problem is necessary. In the end, we
try to show that classification accuracy is limited mainly by
not taking into account the fluctuations of the object's sta-
te. So combined classification and state estimation could en-
hance the precission of the former.

A number of more complicated mathematical points has
been omitted. We intend to discuss them in a separate strict-
ly mathematical paper. We feel that all that reasoning would
be a bit out of place here. In this paper, all mathematics
has been removed to Appendix.

1. Problem statement

In vemote sensing, each resolution element (RE) usually
consists of many (n>> 1) identical microelements, as grass
congists of individual blades with a portion of soil for each.
The observed brightness Yj (j=1,...,N§ of the j-th RE is,
then, the mean of the microelements' brightnesses Yij:

Yj=-l as Tost sensors do average just brightness RE's

V..,
state vectdr Xj=2 X550 % being state vectors of micro-

elements. For grasgf the components of x are projective cove-
rage, chlorophyll and water content and so on. The size of a
microelement and the number of state variables are supposed
to be chosen in such a way that fully (i.e. within the admis-
sible range of errors) determines Yij:Yijzf(Xij)‘ Then, the
function f is the same for a given object regardless of all
circumstances. In what follows, 1t is assumed known. For the
method to obtain it, see chapter 2.

We suppose that the area H under study consists of N REs
and is a statistically stationary one so that x's, though
fluctuating, are all from the same probability distribution
P(x). This implies that there is only one object in H. So one
should first classify the frame and either pick out the gafest
parts of H by use of known non-parametric methods to discover
non-stationarity, or use the simultaneous clagsification-sta-
te determination, the idea of which is given is chapter 4,
to enhance classification accuracy.

Finally, we assume the independence of all x's, though
close points are surely correlated. 1t is a common thing in
statistics since the most powerful methods are derived under
this assumption but work well even if it is violated. Besides,
we could generalize our method by adopting the mixed autoreg-
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K+m K+m
ression-moving average model of the formitzK Mi‘KXizl-ZK Bi—xsi "
where §£'s are independent, so that our sums would remain sums.
But this is yet to be done.

Now consider the set of all Xj's and Yi's in an area.

As shown in Appendix, not all points (Xj, Y-i lie on the
regression line W(¢/X) : D(Y/X)#0, so that,"in contrast to
microelements (unless they are chosen improperly: are too lar-
ge or have too few state variables), neither X determines Y
uniquely, nor an observation Y, of a RKE determines that RE's
state X, but a whole set (Xq,Xg) (see fig.1). So point-by-
point methoas dont's work. Thelir errcr is not even averaged
out when taking into account many REs since there is no way

to choogse for each RE the right-on-the-average Xj lying on

the unknown regression line. So we dismiss the point-by-point
ideology. Its intrinsic error is assessed in Appendix. The a
priori formulae are for computing at home when P(x) (i.e.,

its moments M ) are prescribed. The a posteriori formulae
should instead be supplied by observations Y4 only. Note that,
though D(X/Y)~1/n and vanishes at large n, general dispersi=
ons.D(X) and D(Y) are likewise~1/n so that point-by-point me-
thods are no better at large n, only the data cluster tigh-
tens since the fluctuations vanish.

But the fluctuations are necessary to secure the uniqu-
eness of solution. Even if D(Y/X)=0 and Y=F(X) - the best case
for point-by-point methods, - a I with an extremum will give
rize to two solutions Xq, X, for an observation Y. Likewise,
if there are more state variables affecting the brightness
than independent observation chamnnels, we'll have for each
RE more unknowns that equations. No consistent-on-~the-average
method could be provided since the system of equations for all
Xs's would either be no better than an equation for a single
RY (if X5's are let to be different), or consist of the equa-
tions with the different left sides, i1.e. observations, and
the same right sides containing X (if all X's are assumed to
be equal) and be unresolvable algebraically.

However, in both cases mentioned, the same P(X) placed
in two otherwise indistinguishable points Xq,Xp will produce
the different distributions of observations P'Y), and so the
mean values Xq and X, could be distinguished. See, e.g.,
fig. 2: the distributions A1, A2, A, have different forms. In
other words, now we have as mang equations as the observable
moments of P(Y), from which we may determine as many moments
of P(X). (As there is no such function as F on fig. 2, but
only a statistical relation, this reasoning should be slightly
modified).

So we propose to limit our demands to only mean values
of the state vector over H. We believe it is all ong practi-
cally needs. Mathematically, a set of variables Yj=- s~ f(Xij)
(j=1,40., N) is observed. The moment M, (and, possibly,

Mg, eoo) of P(X) should be estimated. Now we'all expose the
mathematical pitfalls of the problem and provide a method to
solve it.
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2. State estimation algorithm and obtaining

a priori information

We'll use the maximum likelihood (ML) method of parame-
ter estimation as it is suitable for analytical examination
and is the most powerful cne. kL equations are solved by some
widely known numerical procedures /2/. The number of equations
is limited by noise. If P(Y) is represented as the Edgeworth
series (see Appendix), this number M is the number of terms
above the noise level. Since f is non-~linear, every term de-
pends on all of the unknown parameters M (and there is an
infinite number of them). So unless the sequence of Ms is in
some way cut off, there will be always more unknowns that equ-
ations and the usual ML will be inapplicable,

It's one of the deepest questions of mathematical sta-
tistics: the estimation of some parameters in the presence of
many other nuisance parameters, all of which it's impossible
to estimate. There are some methods based on ML for this prob-
lem, but they need specific P(Y), and the only hope for them
is the exponential approximation of P(Y) dealt with in chapter
4.

We propose instead to change the classical statement of
ML estimation problem. We shall not demand classical consis-
tency since there is no way to achieve it with the nuisance
parameters. We'll prescribe fixed values to all the moments

Mm, 192+ @bove the number M of those we can consistently es-
tima%é. These values will be those characteristic to the clo-
sest-to-normal distribution and so will depend on unknown
first I moments. Surely, the real moments Mo 14 may de-
viate from the prescribed values and so producg &n error in
the estimates of My,.., My . Ve can neither establish an a
priori or a posteriori upper limit to this error, nor even
guarantee that it vanishes as N—Ca , So the estimation is,
strictly speaking, inconsistent.

But we'll show that wr are able to assess the sensitivi-
ty of the estimates My,...,Mpm to the deviations Of~NM+1""
and,moreover, to nearly all other sources of error. This 'is
a rare possibility., If the sensitivity is not too great, one
may hope that eas, in general, Jun seeeo won't drastically de-
part from the closest-to-normal véiues, on the average, the
method will work well. But if the a posteriori assessed sen-
sitivity is great, the estimates Of‘ﬂq"'-’}‘m are suspici-
ous. l.oreover, a priori assessing the sensitivity as a fun-
ction of unknowns fl ge0es Mm s the sensor characteristics,
object type and so on, we could outline the more and less per-
spective fields for remote sensing.

Now, deriving f from the simultaneous observations of
X.'s and Y.'s at a test area follows approximately the same
1ine, onlyYwe now write the common distribution P(X,Y) as a
function of unknown 's and a's (f(x)=‘£§ a.xt)., The incre-
ased number of unknowns (plus a's) is cdmpensSated by the in-
creased dimensionality of observations (plus X's).

Sometimes, there are some reliable analytical models
for an object's interaction with radiation /3/. They give us
f explicitly and eliminate the need for test area observatio-
ons.
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3. Sengitivity estimation. Exponential approximation

As shown in Appendix, the sensitivity of IlL estimate
JL (k=1,404,li) to some parameter involved in WML equations
is Simply the ratio of the determinants of the matrices of
Fisher information about the set (Mgooo,Mp ) and ( My 000,
Mi_qs Taooos My ). Fisher information on (UMW,...,juﬁ1 ) is
ext%emely important 1in itself as 1t determines the lower
bound of the error due to the limited supply & of data.

Compyting a priori Fisher information essentially re-
duces to _$P(7)log P(Y) dY¥. The logarithm is a stumbling block.
13 should be aproximated to perform the integration analyti-
cally. Above that, the Edgeworth expansion now can't be used
since it may have negative probabilities at tails. Besides,
the logarithm in »l equations may give rise 1o prohibitive
calculations.

As P(Y)> 0, if may be written as P(Y)=exp ©(Y). 7(V)
may be, naturally, approximated as a series in (1/n). LExpan-
ding the exponent in Taylor series and equating its terms with
the terms of the same order in.}%/n) of the Edgeworth series,
we find P(Y) exp ¥ 6.U.(Y)n"J/°, which is an exponential ty-
pe distribution (/4/, ®hdpter 19). Now we may perform the in-
tegration. '

Begides, distributions of the exponential family head
been throughly analyzed in statistics. Approximating P(Y) by
them, we may simply look up for efficiently estimable parame-
ters and for their sufficient statistics or whether P(Y) de-
composes into the informative and uniformative (about some
parameter) parts as stipulated by some methods to resolve the
nuisance parameters dif%ioulty.

4, Better clagsification by taking into

account state fluctuations

liean classification accuracy in remote sensing is 80-85.5
and is limited mainly by significant cluster overlap. However,
as shown in /5/, small homogeneous areas produce much narr-
ower clusters (since the close points' state is correlated)
whose classification accuracy could be nearly 100%, This fi-
gure can't be achieved straightforwardly for neither may trai-
ning data be collected at many small areas, nor, in clusteri-
zation, may clusters by reliably constructed from small data
sets and identified in situ for each area. That's the reason
why clusters are usually defined in such a way as to repre-
sent the whole frame under study. Then, they are superpositi-
ons of many small area clusters shifted because of state fluc-
tuations at a large <frame. So they are much wider and the
classification accuracy is poor. To improve it, we could de-
compose a wide cluster into the set of narrow ones if the ob-
jects' states were known. But to estimete the state, one must
know the object's type. So we are driven towards combined
classification -~ state estimation. Its idea is illustrated by
fig.?2.
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Conclusions

In the way of applying our methods, one should first
extract the state-brightness relation f from extensive in
situ and remote observations of a test area. Then T could be
applied to any other area to assess its mean state from re-
mote observations only (see chapter 2). By the method of chap-
ter 3, one may compute the sensitivity of the estimate to me-
an error sources and the error resulting from the limited
amount of data. One may also compute the a priori error esti-
nate for statistical and poini-by-point methods, adopting sou-
me pogsible state probavility distribution. If £ is not ava-
ilable from test areas, it may in some cases be computed ana-
lytically.

In view of all said, we think the efforts to fit our
problem into a good theoretical frame were justified.

Appendix
n

i to Z: not a one-to-one mapping. Let Y:% any.

y=f(x), M, - moments of x with respect to the point a, m
the corregpondlng sampled moments. Regression curve of Y
X is
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D(/X)=D( & 2| x)=f_ A i

) (2)
% 3 (x-n =) may ancti
guk—m = i-1(xi x) n %STXi"‘K) may be expressed as a function

of Myyooe Mk and X). It is clear that, generally (even for

normal x), D( '/X)#0, unless f is linear. As seen from fig. 1,
D(X/Y)#0 as well, and X may not be uniquely determined from
an observed Y. 1he a priorli error estimate Tor point-by-point

methods is D(L/Y)=D(Y/X)/[Qu(z /A;/QX] (see fig.1). The a pos-
teriori estimate is as (2) with £ ',y , Y instead of f,JL, Ay
provided that f is a one-to-one mapping (Y are the moments
of y and may be computed through the observed moments of 7).
If this assumption is violated, the a posteriori estimate may
be obtained from (2) where M's should be substituted with
their estimates computed by the chapter 2 method.

] n Bdgeworth series. P(Y), the probability distribution of

.= ZETy' may be represented as Edgeworth series (/6/, chap-
ter 17)

‘ 1 1 al, ¥ A
P(V)= e ls ol { ety !”} v T2 Iy (3)
”:2
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where ?\are thehlcent{-al moments of Y; Qj() f)—ABHB( )/A 3/2
( 3)H4(Y%+22? H6(Y),..., or, ), oelng the central mo-

ments of ¥s >\1— \)1,7?\ )) /f—' Q3 V,n,7)= ))3H ¥ /{—‘))3/2, Q=

=) H%(f)/n92+93H6(Y)/3n93, SO tnat o (y,n, Y) is the (- j/2+1)=th

po of n.
wlaximum likelihood method. &L equdtlons are
N JlogP(Y.)
= = 0 (K=Ty000, ) (4)

where c are the unknown parameters of P(x) and mﬁf be e§ res-
sed as function Ofvﬂq,,., - C, is defined as ( where

X-(Xﬁﬂ1»8 and d is the standard error of x. Then, 'i=o ﬂd#l

where o{ are the coefficients of the power series expansion of
the k-th Hermite polynomial. As P(x) may by expanded into
Gram~Charlier series of the form

€ R

P(x) = exp(-_ ~

7 o Ok(®)s

a distribution with fixed flrst I moments (of c's) will be
closest to normal when C ,,,O. If we write Mgk as

a function of C eesC t%eﬂ eypress 's as the functions of
M's (.1 c(s)) and of the coeffici nts a of the power series

b - 1s
expansion of f: y=F(x)= iz;a X1 V4 = 21 1JL1 238185 My, s

and then substitute the Y's into (3) P(Y) w111 become a se-—
ries with coefficients dependlng on a's and C's. Now, as set
forth in chapter 2 CI+ soee are assumed equal to zero,
and, substituting P(Y% tp ME equations (4) we get a system
of M equations with M unknowns (assuming a's known). If we
should estimate both M's and a's (when determining f from test
area obsgservations), P(X,Y) must be substituted into (4) in
the same Edgeworth form. Numerically solving il equations will
be much easier if P(Y) or P(X,Y) is expressed in the exponen-
tial form (as shown below) so that the logarithm vanishes.
Figher information. From Kramer-Rao theorem it follows
that the error of the estlmateju of a parameterlfthas the lo-
wer limit:

- ) 1
NMQE%%éﬁiil_) NM(ngﬁ%LXl_)Z

The denominator is the Fisher information T on M, For seve-
ral parameters,one should consider the information matrix
with the elements ?ﬂz}* =11 ( azlogP(Y)/ajL ajL ):

Dt )= ( )y 30 Aot &b o
Pag oo )=t Cpsenn i, f‘:i YT oY

When N=» >, the error of a L estimate approaches the Kramer-
Rao limit. Assigning some values to M's, one could thus a pri-
ori estimate the lower bound of error. A posteriori estimate

DO-p ) D
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may be obtained (by substituting the expeotat%@n gy the sam- s
ple mean and M's by their LL estimates) as -5 ) logP(YiL@M

As shown in /7/, this is even closer to ML s than the
classical Kramer-Rao expression.

Now, as stated in chapter 3, P(Y) may be approximated by
an exponential form distribution, e.g. up to terms 1/n:

- ~ >\ 2 _’]\ A/
yexpf A i3 (D+ (57 - Z%%‘ () - .
D ¥ RN AR

As a matter of fact, the positivity of P(Y) is achieved by a
glight alteration of its tails as compared to Edgeworth repre-
sentation, so that the change is less than the first neglec-
ted Edgeworth term. So the precision of the exponential appro-
ximation 1s essentially the same as of Edgeworth series. It is
enough for the a posteriori formula above, but a priori for-
mula involves integration which may diverge if the tails are
not approximated accurately (which is not the case for Edger-
worth series). But , though exponential approximation proce-
eds from Edgeworth series, it may correct the latter in the
right sense by making the tails positive and so have greater
accuracy at tails. We'll abandon the question at that point.
Sensitivity of estimates to errors. If is determined
from the equation F(]E,6I=O,by the implicit function theorem

aﬂ789=~(3 F/aﬁ)/(aﬁwaﬁ). As in L estimation F is simply
f&@PG@Q{@Gﬂ, both the numerator and the denominator are
the above-nmentioned sample mean formulae for Fisher informa-
tion on € and M ,respectively. For several parameters, we'll
have the determinants of Fisher information matrix for (M ...
Mum) and Qﬂ seoasfli 4o 6,...¥NM). So to estimate the sensiti-
vity to som% negle%fed moment, or error term, or noice term,
P(Y) should be represented so as to include this term, and
then the formulae above should be applied.
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Fig. 1. Regression of the observations Y of the Rils on the
RE's state variables X.X to ¥ is not a one-to-one
mappinge.
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Fig.2. Better classification through taking into account
the dependence of Y on X. Error areas are blackened.
All-area clusters are significantly overlapping. If
f is known for both objects, clusters may be decom-
posed into pairs with almost no overlap. There is only
one possible X cluster for any Y cluster pairs if both
objects should have the same X.
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