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Abstract. Stereotriaagulati0n analytical method for measuring 
hyperbolic towers is presented and deviations from the desig­
ned shape are established employing the least squares method. 
Analysis o~ errors o~ the stereotriangulation model used is 
presented as well. 

1. INTRODUCTION 
An accurate knowledge of the detailed deviation of the sur­
face of a cooling tower from a perfect ~igure can be o~ great 
value into the civil engineering. The best solution to this 
problem is provided by the analytical photogrammetry,wherein 
the coordinates of the photographic images of special target 
points attached to the surface of the structure are measured. 
The relative spatial coordinates (X,Y,Z) of the target points 
are obtained by means of photogrammetric triangulation of the 
corresponding rays from two or more suitably distributed ca­
mera stations. The solution in no way depends upon an accu­
rate knowledge of either the location of each exposure sta­
tion or the orientation of each camera (7). 
The photogrammetric theory employed in our study for the 
least squares adjustment and error propagation of analytical 
photogrammetric triangulation, was adopted directly from the 
general photogrammetrie adjustment derived by Brown (6). The 
mathematical. model employed is based on projective methods, 
Direct Linear Transformation (DLT). The Projective Transfor­
mation Parameters (PTP) are computed iteratively using rela­
tive control points, by considering as unknowns not only the 
PTP coefficients of the cameras, but also the X,Y,Z coordi­
nates corresponding to some of the measured images (4). 

2. THE MATHEMATICAL MODEL OF ANALYTICAL STEREOTRIANGULATION 
a) The condition and constraint equations. 
The fundamental projective relations between the cartesian 
space coordinates Xj,Yj,zj of a point and the plate coordi-
nates x .. , y .. of its photographic image, may be put into the 

1J 1J 
form: 
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x .. = xp. + c. 
1J 1 1 

(2.1) 

A· (X .-X~)+B. (Y .-Y~)+C. (Z .-z~) 
1 J 1 1 J 1 1 J ~ 

c c c D. (X .-x. )+E. (Y .-Y. )+F. (Z .-z.) 
1 J 1 1 J ~ 1 J ~ 

A!(X.-X~)+B!(Y.-Y~)+C!(Z.-Z~) 
1 J 1 1 J ~ ~ J 1 

D·(X.-X~)+E.(Y.-Y~)+F.(Z.-Z~) 
1 J 1 1 J 1 ~ J 1 

where j=(l,2, ••• ,n); i=(l,2, ••• ,m); 
xij'Yij are the measured plate coordinates, properly correc­

ted for comparator errors and lens distortion; 
xpi,ypi are the plate coordinates of the principal point o~ 

the i-th photograph; 
ci is the calibrated principal distance of the i-th exposure; 

c c c x. ,Y. ,z. 
1 1 1 

r 1 
c l~' 

are the object space coordinates of the perspective 
center o~ the i-th exposure station; 
8 0] is the rotation matrix relating the coordi­
B' C' nate axes of image space to those o~ 
E F i object space. 

The nine direction cosines o~ the rotation matrix may be ex­
pressed in terrestrial photogrammetry uniquely in terms o~ 
three angles, the azimuth ct , the elevation W and the swing 
angle rt:. • The :following expressions can be derived from equa­
tions (2.l)cby giviging the numerator and the denominator by 
-Vi=- (DX +EY +FZ )i(l): 

(2.2) 
i i i . i 

a1x.+a2Y.+a~Z.+a4 J J .I J 

i 
a~=- (xpF+cC) ·IV . 

.I 1 1 

i c c . c a4={xpD+cA).X./V.+(xpE+cB).Y./V.+(xpF+cC).Z./Vi 
1 1 1 1 1 1 1 1 

( 2.' a5i=- (ypD+cA' ) . /V. ; a 16. =- (ypE+cB' ) . /V. ; a7i=- (ypF+cC' ) ./v. 
1 1 1 1 l 1 

a8
1= (ypD+cA') ·X~ /V. +(ypE+cB') · Y0

1
./V. +(ypF+cC') .z~/V. 

1 1 1 1 1 1 1 1 

aic,-Ei/V i; 

The relations (2.2) are the basic equations :for the DLT,where 
the eleven parameters are considered as being independent(2 ) . 
In order to obtain an exact solution for the triangulation, 
it is necessary to establish five constraints between them, 

whichmust be enforced. The :five necessary constraints for 
each station i, are (5): 

i 2 2 i 
( 2 .4) Fl=(Ql-Q2+(Q5-Q4)/Q3)i=O; F2=(Q6-Q4Q5/Q3)i=O 
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in which: 

(2.5) 

xp., yp., c., are the precalibrated parameters of the interi-
1 1 1 . t t• or or1en a 1on. 

When two or more cameras photograph common points, it is pos­
sible to go further by considering as unknowns not only the 
PTP, but also the X~Y~Zj coordinates corresponding to some of 
the measured images. In the present treatment, the unknown 
coordinates of the relative control points are not eliminated 
from the original condition equations, but instead are car­
ried through the solution as unknowns along with the unknown 
coefficients of PTP. As a consequence, the final solution 
would involve only the inversion of a llmxllm matrix,despite 
the fact that many more unknowns (2mn condition equations+5m 
constraint equations) have been involved in the original equa­
tions. 
b) The least squares adjustment. 
The photogrammetric model under consideration is assumed to 
involve m exposure stations (i=l,2, ••• ,m) and a total of n 
relative control points (j==l,2, ••• ,n). It is assumed that ap­
proximations are known for each of the unknown coefficients 
of PTP and for each of the unknown coordinates of the control 
points ()). According to (2.2), the linearizated condition 
equations arising from all n control points and all m stations 
may be formulated. The appropriate matrix equation for this 
ensemble is: 
( 2. 6) v + B 6 + B 6. == E 

(2mn.l) (2mn.llm) (llm.l) (2mn.)) {)n.l) (2mn.l) 

For stereotriangulation the all constraint equations (2.4)are 
interpreted as additional observations with a suitable high 
weight which enforces the zero variances. 
The linearizated constraint equations arising from all m sta­
tions are expressed by the system: 

0 0 
( 2. 7) v + B 6 = G 

(5m.l) (5m.llm) (llm.l) (5m.l) 
Now that all of the condition and constraint equations have 
been defined by (2.6) and (2.7),the general system of error 
equations may b.e expressed in matrix form as: 

( 2 .B) I< 21.1 )]+ [-(2mnillm) ( 2~. 3 lll-(1~.1)] ~: l~ 2~.1) 
~5m.l) (5m.llm) ()n.l) (5m.l) 

The covariance matrix associated with the merged observation 
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equations is: - >. . -

l(2n. 2n) ~ j 
= o :A 

(5m.5m) 
in which: (2.9) A 

( 2n +5m)•( 2n+5m) 

Q 

(2.10) 1\.ij~~:: X \ ~c;: 2 
(2.2) rrxy 

and A i=kDiag(l,l •• 1); 
(5.5) 

The normal equations for a least squares solution are then 
given by the following expression: 

(2.11) 

N + /1 N 
(llm.llm) (llm.3) 

• 
NT 

(3n.llm) 
N 

(3n.3n) 

b. 
(llm.l) 

b. 
(3n.l) 

:: 

c + 8 
(llm.l) 

c 
(3n.l) 

In actual computation the b. matrix is first solved for t'rom 
a set of reduced normal equations and then the E· matrices 
inside the E matriy are solved for one at a time~ The solu­
tions of the normal equations are thus provided by: 

c 2.12 > b. z:: 1-N+~-NN"-INTl-l i~+8-NN-1cl; "E .=N" .c .-N-:1 N~ 
- J ~ :J J J J J J 

An iterative procedure is used in the solution. The iteration 
is stopped when the corrections in the b. and l matrices be­
come negligibly small. A computer program called PROIECT5 was 
developped by the author. Ita formulation is based on the 
principle of observation equations as described in the above 
paragraph. 

3. SIMULTANEOUS CALffiRATION AND BLOCK TRIANGULATION 

As a result ot' the determinacy aft'orded by convergent photo­
graphs, a complete calibration of the inner cone may be reco­
vered without absolute control in the object space. Because 
the method requires no knowledge of object space coordinates 
or knowledge ot' other object space relationships, we refer to 
it as constituting a process of self-calibration. The mathe­
matical formulation specifically allowed, introduces a sup­
plemental constraints on ground points by treating a priori 
knowledge as direct observations of these parameters. 
Since the xpi, ypi, ci are incorporated in PTP, the new model 
makes provision for coefficients K1 ,K2 ,K3 for Gaussian symme­

tric radial distorsion and for coefficients P1 ,P2 ,for decen­
tering distortion, both assumed constant over all photograph& 
Inasmuch as the parameters K1 ,K2 ,K3 ,P1 ,P2 of the inner cone 
are to be recovered simultaneously in a block triangulation, 
the projective equations {2.2) are augmented with these para­
meters as follows, resulting equations (3.1): 

- -2 -4 -6 -2 -2 - - -x .. +x .. (r .. K1+r .. K2+r. ·K~ )+P1 (r .. +2x .. )+2P2x .. y .. - (m/n) .. 
1J 1J 1J 1J 1J / 1J 1J 1J 1J 1J 
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- -2 -4 -6 - - -2 -2 y .. +y .. (r .. x:1+r .. K2+r. ·K~ )+2P1x .. y .. +P2(r .. +2y .. )=(n/q) . . · 1J 1J 1J 1J 1J ~ 1J 1J 1J 1J 1J 
. -2 -2 -2 
1n which: xij=xij-xpi; yij=yij-ypi; r =xij+yij 

For an exact solution for the calibration it is necessary to 
establish for each station only two constraints between PTP 

(Ft=o and F~=O). In this ease the relative control points 
must be suitably distributed along the area of the image 
plates. I~ all linearizated equations arising :from all n 
points and all m stations are gathered, the collection o~ 
equations may be written in matrix :form, as: 

v + B 6 + B b. = E 
( 2mn.l) [2mn. ( 5+llm) J [< 5+ llm) .1] ( 2mn. :3n) ( :3n.l) ( 2mn .1) 

(:3.2) ~ + ~ 6 ~ G 
(2a.l) ~m. (5+llm)] ~5+llm) .1] (2m.l) 

Following the procedure introduced by Brown (8), we admit sup­
plemental observation equations arising :from a priori know­
ledge regarding the Xj,Yj,Zj parameters carried in equation 
(3.1). The supplemental equations are grouped according to 
the set o:f parameters involved: 
(3.3) v .6 = E 

(3n.l) (3n.l) (:3n.l ) 

where: vj=[vx Vy vzJ3 ; Ej= [-ex -ey -ez] 3 

(ex) .=x~-X~0 ; (ey) .=Y~-Y~0 ; (e2 ) .=z~-z~0 
J J J J J J J J J 

X0J.,Y~Z0J~ are the observed values o:f t h e object space coordi-
00 J 00 ns~es 0~ the j-th ground point. 

Xj ,Yj ,Zj are the current values o:f the Xj,Yj,Zjparameters. 
The entire set o~ observation equations (:3.2) and (:3.3) can 
be merged into the composite equation: 

,.-..J ,......, ,.... ,..., 

T +B 6::: E in which: 
(k.l) (k.e)(E.l) (k.ll 

'T= [T 9 v J T; B== l-: ~] ; 6 :: [6 
0 -1 

-]T 6 . 
' 

G 

k=2mn+2m+3n; 2=5+llm+3n 
The covariance matrix A associated with the merged obserTa-
tion equatl:_ons is: [ o _J 
c~.5) A= Diag. A A A 
where A is the covariance matrix for t he coordinates o:f the 
ground points, 3x3 block diagonal, where independence o:f 
ground points is assumed. 
The normal equations for a least squares solution are then 

~~ ::: by the fo~~~jing maiT[e~ :] -c+S J 
LiT i+wJ 6 =_e-wE 
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. . l -1 Q {) -1 - ~ -1 1n Wh1ch: W =It ; W =A ; W =A 
The reduced system of normal equations, a (5+llm)x(5+llm) sya­
tem, involving the interior projective parameters K1 ,K2 ,x

3
,P1 

P2 and PTP for all stations, is then: 
(3.7) [N+~-N(N+W)-lNT] D. =c+8-N(N+w>-1 <c-iE> 
Once the vector b. thus obtained, each vector of the X., Y. ,z. 

J J J 
parameters can be computed in turn, fro : 

- - - -1 - - - - - -1 ""T (:3.8) 6 ·= (N .+W .) (C .-w .E .)-(N .+W .) N .6 
J J J J J J J J J 

A~ter the solution has converged, the vectors of measuring 
residuals may be obtained from: 

0 • . -v = E; v = G; v = E, 1n wh1eh E,G,E, denote the fi-
nal discrepancy vectors of the iterative process. 
The estimate o~ the reference variance would be: 

T OTOO _m__ 

2 v wv + v wv + v..Lwv 
('~.9) V o a: (2mn+2m+3n)-(5+llm+,n) 

A coaputer program ca.lled ETALON was developped by the author 
and its formulation is based on the principle of observation 
equations as described in the above paragraph. Based on the 
PTP coefficients derived from the above paragraph, the ele­
ments of the interior orientation xp,yp,c, are averaged from: 
xp ={al+a2+a3)i+(u4-u5+u6)i; yp.= (a5+a6+a7)i+(-ul+u2-U,)i 

i (a9+alo+8 ll)i 1 (a9+8 10+all)i 

t UJ.+u2+u3 ) = t u4 +u5+u6 ) 
ei= 2 2 2 2 2 2 

8§+8 10+8 11 i · a9+8 10+all i 
i i ) i where: u1=(a 2D-a1E)i; u2=(a3n-a1F i; u,=<a3E-a2F)i; 

u!=<a6n-a5E)i; u~=(a7n-a5F)i; u~=(a7E-a6F)i 

The exterior orientation can also easily be 
equations (2.,) 

(3.12) 
[~:t = 

A B c 
T.= 1 A' B' c• 

D E F i 

= 

u6;u 

-u,/u • 

-agi{Q; 

-u5;u 
u /u' 2 

-a 8 
-1 

-alrJV'f; 
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4. TRANSFORMATION TO TOWER COORDINATE SYSTEM 

The Xj,Yj,zj coordinates resulting from the simultaneous ca­
libration and block triangulation, constitute coordinates of 
a model of the tower in an arbitrarily defined camera coordi­
nate system • The model can be properly scaled if the true 
distance between two points in the model is known, or alter­
natively if the true distance between the two cameras is 
known. Since the civil engineering is interested primarily 
in the deviation of the set of triangulated points from a 
"best fittingtt hyperboloid of revolution, the reduction must 
proceed beyond the photogrammetric triangulation. We assume 
that the tower is indeed a true hyperboloid of revolution, 
defined in the tower coordinate system by the equation: 

(4.l) x~ + z;- z~- 1 = 0 , which may also be written as: 
r r c 

(4.2) x2+y2+z 2= r 2+(l+r2;c2)z 2 , or in matrix notation: 

(4.,) sTs=r2+(l+r2/c 2)z 2 , in which sT= [x y ~ 
The relation between the x,y,z and X,Y,Z systems may be writ­
ten as: 
(4.4) s = T S, where: [A B CJ c 4 • 5 ) s = r x-x Y-Y z-z J T; T = A I B • c I 

L o o o D E F 

1-
cosd.cos><. cosOJsin)(+s inocs inWcosx. s inWsinl<-s inctcoswcosxj 

T• -cosctsinx.. cosWcosx.-sinec:sinWsinK. sin(1Jcosx.+sinctcos41sinit 
sinct. -cosotsinw coSO{cosw 

and-X
0

,Y
0

,Z
0 

denote the coordinates of the or1g1n of the to-
wer coordinate s:ystem. T 
Substitution of (4.4) into (4.,) and because T T=l, and from 
the third row ofT: z=D(X-X

0
)+E(Y-Y

0
)+F(Z-Z

0
), equation (4.,) 

can 'be reduced to: 
(4.6) e=(X-X

0
)
2+(Y-Y

0
)
2+(Z-Z

0
)
2-r2-(l+r2;e2)z 2=o 

This represents the equation of the hyperboloid in the camera 
coordinate system. The equation involves a total of seven un­
knowns, three translations X

0
,Y

0
,Z

0
, two rotations, ct,W, 

(YC=O, as the hyperboloid is a surface of revolution) and the 
parameters r and c. Seven distinct points on the hyperboloid 
suffice to generate seven equations of the form (4.6), which 
could be solved for the seven parameters of the transforms -
tion. The best fitting hyperboloid may be defined as that for 
which the sum of the squares of the distances from the sur­
face of the observed points is minimum: 

(4.7) 
J 

n T . . 
v . W . v . ~ m1n1mum 

J J J 

in which Y. ,! . ,!'. denote the point on the surface of the hy-
J J J 

perboloid corresponding to the observed point Xj,Yj,zj and 
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Wj is the covariance matrix o'! Xj,Y5,zj computed in the ana­
lytical stereotriangulation. According to (4.6), the lineari­
zed condition equation arising from the j-th point is: 
(4.8) B. v j + A. b. = E. 

(1~3)(3.1) (1~7)(7.1) (1~1) 
T a.~ 

b. c 6.01. 6.W] ; Aj=-----K----­
O(X0,Y0,Z0,r,e,~,W)0 

v j= [vx vy vzJ T or v =·wj1Bj Aj 

The primary matrices defined above may be used to define the 
set of condition equations arising from all n triangulated 
points. The matrix representation o:f this ensemble is: 

(4.10) B v •· A 6. = E where: 
(n.3n)(3n.l) (n.7)(7.1) (n.l) 

v = w-1 B~ A A=Lagrange multipliers 
(,n.l) (,n.3n)(3n.3)(n.l) 

The general system of condition equations may be expressed in 

7:~~~; ~orm ast :;IBT !] ~ ~ ]k [~ J 
The solution of the normal equations are thus provided by: 
( -4 .~2) 6. =[A~ G-1A] -lAT G-1E ' A:: G-1 {E - A~) 
where G :: B w-IsT 
Since each point is processed independently, then matrices 
N and C can be formed by the cumulative addition of NJ. and e . 
where: n n J 

N= ~ N . ; c = >' e . and 
J=l J J;r J 

(-4.l3 ) T -1 T -1 
N j=A JG j A j; C j=A jG j E j; 

"'"LT G .=B .w -a.; 
J J J 

1 -1 1\.js:G . (E .-A . ~ ) 
J J J 

B7 virtue ot this '!act, the internal storage required by the 
computer is essentially in.dependent of the number o'! carried 
points. The adjustment has been programmed on a FELIX-256 
computer. The output of the program CONFORM provides not only 
the parameters of the transformation and their covariance 
matrix, but also the x,y,z, components of' the deviations o'! 
the triangulated points from the beat fitting hyperboloid(3). 
The perpendicular distance from each point to the best fit­
ting hyperboloid is computed by: 
(~.14) d.= (v2 + v 2 + v 2)112 

J X Y Z 

5. PRACTICAL RESULTS 
The above method was performed under operational conditions 
by photogrammetric surface conformity measurements of a coo­
ling tower of the CET- Iassy (Fig.l). In the absence of a 
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Fig. 1. The hyperbolic cooling tower. 
field of target points, an array of artificial targets was 
used instead. The camera used in this project was a TELEMAR 
130xl80 mm with a focal length of 400 mm. The camera was re­
:focus.ed to operate at a distance of aproximately 120 m. In or­
der to obtain adequate depth of field at this distance, it 
was nwcessary to a.top the lens down to f/22. Eight camera 
sites were established on a circle approximately 120 m from 
the tower. The plat·e·s were measured on a liniar spectrophoto­
metric IZA-2 comparator and the plate coordinates with their 
weight matrices were obtained by the least squares solution 
using a trilaterated photocoordinates method. The entire set 
of' observations for 932 points was processed through the 
least squares adjustment. Four iterations were necessary be­
fore the adjustment converged to a sufficiently stable solu­
tion. The root mean square error of the residuals from the 
final solution was 18.6 pm and the residual vectors were ran­
dom from point to point. The minimum variance transformation 
from camera coordinate system to hyperbolic tower coordinate 
system was applied to all 932 points. Detailed informations 
on this research project are given in (3} and {4). 
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6. CONCLUSIONS 
The analytical photogrammetric surface conformity measure­
ments of structures offer an economical alternative to the 
classical field survey. Among the advantages of the structu­
ral measurements are the following: 
- All points on the surface are determined to essentially the 

same accuracy. 
- All precise measurings are accomplished on a liniar spec­

trophotommetric comparator and the image coordinates are 
obtained by the least squares using a trilaterated photoco­
ordinate method. 

- Coordinates of other points external to the surface of the 
tower, can readily be determined to the same accuracy as 
points on the surface itself'. 

- In the absence Gf' a :field of' targeted points, an array of' 
artificial targets may be used instead. 

- Based on the general linear transformation, an exact solu­
tion for the orientation and calibration is derived,which 
leads to a simultaneous least squares adjustment of' Projec­
tive Transformation Parameters and o:f relative control 
point coordinates. 
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