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ABSTRACT 

Bundle adjustment has been widely used in orientation and camera calibration. But since 
the observation equations are non-linear, approximations of parameters are necessary at 
the start of adjustment. This paper discusses a method and a procedure to evaluate the 
a pproxi mat ions automat i ca 11 y assoc i ated wi t h any model or object s pace coord i nate sys­
tems. This method can realizes semi-automatic bundle adjustment or photogrammetry with­
out control points. The method is based on relative orientation by the linear coplanari­
ty condition and decomposition of rotation matrices to angular elements. This is vali­
dated by experiments of simple orientation of a pair of photographs and a camera cali­
bration without control points using a 3-D target field. 
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1. I NTRODUCT I ON 

Bund 1 e adjustment has been wi de 1 y used in 
camera ca 1 i brat i on and t r i angu 1 at i on. But 
since observation equations are non­
linear, approximations of all parameters 
are requ i red at t he beg i nn i ng of computa­
tion. 

In close-range photogrammetry the apprOXi­
mations of exterior orientation parame­
ters are usuall y recorded at exposing 
positions. But it is time consuming and 
sometimes hard, because a convergent or 
parallel imaging configuration rather than 
vertical one is often used. For a digital 
plotter (digital-image-based plotter) 
which is now being developed in many 
organizations (Lohmann, 1989, 
Ohtani,1989), easy manipulation is sub­
stant i a 11 y requ i red by operators who are 
not familiar with photogrammetry. Hence an 
automatic or semi-automatic adjustment 
procedure is now strongly called for. 

This paper shows a method to automatically 
calculate approximations of exterior 
or i enta"t i on parameters and coord i nates of 
object points associated with any model or 
object space coordinate system. The method 
is based on relative orientation using the 
linear coplanarity condition and decompo­
sition of rotation matrices to angular 
elements (Hattori, 1991). 

In practice the purpose of many industrial 
measurements is focused only on shapes of 
objects, not absol ute coordinates. And 
camera calibration works also can be 
executed only by the coplanarity condition 
in any coordinate system (Fraser,1982). 
The authors' method solves the problem 
a bout the se 1 ect i on of a coord i nate sys­
tem, and realizes photogrammetry without 
control poin"ts. It is very useful in 
dig i ta 1 plotters. because one can eas i 1 y 
define any coordinate system on the 
screen, observing a m(Jdel stereo-optica"l-
1 y. 

2. OUTLINE OF EVALUATION OF INITIAL 
VALUES OF PARAMETERS 

Fig.1 shc)ws an examp"le of 
configuration in a camera 

an imaging 
calibration 
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which will be again referred to in 
experiments. A three dimensionally allo­
cated ta rgets are imaged convergent 1 y at 
various pOSitions and with various camera 
rotations. The following is a flow of the 
procedure to obtain approximations of 
parameters. 
(1) Overlapping photographs are separated 
to each independent model. Rotation ma­
trices of independent models are evaluated 
and decomposed to angular elements (see 
3. ) . 
(2) The independent models are 1 inked to 
make a global model(see 4.1). 
(3) If necessary. the global model coordi­
nate system is transformed to the object 
space coordinate system using more than 
three control points(see 4.2). 
(4) Object space coordinates of target 
points are calculated. Then the rotation 
matr'ix of each photograph in the object 
space coordinates system or in the 
g 1 oba 1 mode 1 coord i nate system) is decom­
posed to angular elements(see 4.3). 

3. RELATIVE ORIENTATION BY THE 
LINEAR COPLANARITY CONDITION 

Let us start with a pair of overlapping 
photographs. The interior orientation is 
assumed complete. Model coordinates of 
two corr'esponding points are expressed, 
as shown in Fig.2-1, as 

[ XP1l [ m 11 m'2 m13] [ -~;J YP1 m21 m22 m23 
ZP1 m31 m32 m33 

( 1 ) 

[XP2] [ n" n'2 n 13] [3J +[~] YP2 n21 n22 n23 
ZP2 n31 n32 n33 

where (xl Yl -c)T,(x2 Y2 -c)T areTPhoto­
graphic coordinates, ( XP l YP1 ZP1) (XP2 
YP2 ZP2) T are model coor'dinates, c is a 
camera distance and B is a base 1 engt h ( 
unity with an unknown sign). The copla­
narity condition: 



(2) 

is rewritten to the form; 

o (3) 

where 

P1 m 2 1 n 3 1 -m 3 1 n 2 1 ' P2 m21 n 32-m31 n 22' 

P3 m21 n 33-m31 n 23' q1 m22 n 31-m32 n 21' 

q2 m22 n 32-m32 n 22' q3 m22 n 33-m32 n 23' 

r1 m23 n 31-m33 n 21' r2 m23 n 32-m33 n 22' 

r3 m23 n 33-m33 n 23' (4) 

It is easy to see that a vector 

has a relation; 

S!TS! "~2. 

Expressing eq.(3) in the form of 
an observation equation 

(5) 

where X is a design matr-ix and v is a 
residual Tector, one can solve S! by mini­
mizing v v. An objective function for 
this pur'pose becomes with a Lagrangean 
multiplier u 

u "" S!TxTxS! - u(S!TS! -2). ( 6 ) 

By difer'entiating eq. (5) with X, one gets 

(XTX-uI)S! :::::; o. (7) 

Namely S! is an eigen-vector ")and u is a 
var'iance of residuals; lvl"'/2. If an 
'imag'ing configuration is good, only one u 
that is near zero is obta-ined. Or other­
wise multiple candidates of u may be 
obtained, out of which the correct one is 
determined by the following procedure. 

~~~ Q!~!cmiQS!~igQ gf ~b! Cg~S!~igQ mS!~ciQ!! 
S!Q9 S!Q91!! 

Then the rotation matrices (mij) and (n ij ) 
are evaluated from the vector a. Even 
though Fig. 2-1 is assumed to be correct, 
Figs.2-2,2-3,2-4 as well as 2-1 are in­
c'luded in solutions. Figs.2~·1 and 2-2 are 
equivalent, whereas Figs.2--3 and 2--4 are 
false. because they are turned over into a 
negative position. 

The rotation matrices must be defined as; 

sink 1 0 1 
cosk 1 0 
o 1 
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[ cos ¢1 cos k1 
-sin k1 
sin ¢1cos k1 

cos ¢1 sin k1 -sin ¢1] cos k1 0 
sin ¢1 sin k1 cos ¢1 

(8-1 ) 
(nij)= 

[~ 0 
cos w2 sin 

-sin w2 cos 

o ](cos ¢2 0 -sin ¢2] 
:; sin 

0 1 0 

¢2 0 cos ¢2 

0 ] 0 
1 

cos k2 
sin k2 + sin w2 sin ¢2 cos k2 
sin k2 + cos w2 sin ¢2 cos k2 

cos ¢2 sin k2 
cos w2 cos k2 + sin w2 sin ¢2 sin k2 

-sin w2 cos k2 + cos w2 sin ¢2 sin k2 

'-s i n ¢2 (8-2) 
sin w2 cos ¢2] 
cos w2 cos ¢2 

It should be noted that the rotation order 
in the definition is unique. For other 
orders it can be shown that there are some 
angles at which the rotation matrix be­
comes singular and fails to be decomposed 
to angular elements. 

~~~ gyS!l~!~igQ gf ~1 

Since m23 =0, from eqs.(4) 

m33 n 22 ""-r2' 

m33 n 23 ""-r3' (9) 

And then 

m33 2 (n212+n222n23 2 ) = r12+r22+r3 2 

Since the photographs are assumed dia­
positive, m33 > O. From the orthogonality 

of (n i j ) , 

( 10) 

From eq. (10) two candidates of ·¢1 are 
obtained. Which is corr'ect is suspended 
here. Then from eqs.(9) 

n22:o:-r2/m33' 

n23=-r3/ m33' ( 11) 

Multiplying the first, second and third of 
eqs.(4) with n21' n22 and n23 respectively 
and summing them up, one obtains 

( 12-1 ) 



( 18) 

is commonly used for 3-0 space transforma­
tion, where S is a scale, A= (A ij ) is an 
orthogonal matrix and 8=(8 i ) is a transla­
tion vector. 8 and S are evaluated from 
gravity centers and a scale r<~tio of two 
coor"dinate systems. Thus eq.(18) is re-' 
duced to the form; 

~i = A ~Mi' ( '19) 

where suffix i means control point No .. ~i 
and ~Mi are coordinate vectors associated 
with the objec~ space coordinate system 
and the global model coor'd-jnat€'l s;ystem 
respectively. Their origins are assumed 
alr"eady sh-ifted to respective gravity 
centers and ~i are assumed to be scaled by 
~L The matr"ix A is determined so as to 
minimize 

E 
n 
~(A ~Mi-~i)T (A ~Mi-~i) (20) 

i=1 

Th';s problem was already solved by 
researchers (Arun,1987, Horn,1988). 
aut:.hors adopted the Arun t s method: 
expanding eq.(20) one obtains 

n 
E ~(~iT~i + ~MiT~Mi 

i=1 

- 2~MiTAT~i)' 

E is minimized when 

n _ 

Trace( ~(~MiTA1~i» 
i=1 

Trace 

(21) 

some 
The 

By 

is maximized. With appropr"'iate or'thogonal 
matrices U, V which singular-value-
decompose £ (~MiT~i) to 

VAu T, (22) 

where 1\ 'j sad " agona 1 
tion of the matrix A is 

mat:.rix, the 
giVE)n as 

A (23) 

so'] u-' 

After all rotation matrices (M iJ ) associ-­

ated with the object space coor'dinate 
system ( or" global mode'l coord'inate sys-' 
tem) are obtained, they are decomposed to 
angular elements. Let the matrices related 
to angu'lar elsements K, d) and Q be ex­
pressed simply a~5 [K], [00] and [QJ. Her'e 
angles are oxprossed by cap'i"t:al lotters. 
I f the r" 0 tat ion CH" d e r" 0 fan 9 '! e ~,'; i s fix ed, 
the matr'ix (Mi j) can b€~ singular' and 
una bl e t:o be dec~omposed to un i que angu -] a r 
el(,~ment:.s. In order' to assure unique 
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docomposition, one has to change the order 
of rotations depending on the values of 
elements of the rotation matrix; i.e., 

a) If M13 :!:: 1,(Mij ) ~"[Q] [eb] [K) 

b) If M31 :!:: 1,(Mij ) ,,,; [KJ [eb] [QJ 

c) If M13 + and M31 ::: :!:: 1, 

(M ij ) [K][Q][ro] 

Since the treatments for any cases are 
simi-]ar", her"e only case a) is discussed. 
From equat:ion sin 00 =-M 13 , one gets two 
candidates for eb for ·'"TT<ro<IT. Since cos ro 
'I 0, -

sin Q M2 3/cOS eb, 

cos Q M33/cOS eb, 

cos K M11 /cos eb, 

f:: i n K M'12/cOS eb. (24) 

For' each candidate for 00, Q and K are 
determined uniquely. They are tested on 
whether to satisfy the following equations. 

""co:;., Qsin K + sin Qsin <DcosK M21 

cos Qcos K + sin QSin <DsinK M22 

sin Qsin K + cos Qsin ebcosK M31 (25) 

--s-j n Qcos K -I- cos Qsin ros inK M32 

Set:;., of candidates which do not: satisfy 
all the equations are discarded. 

5 _ EXPERIMENTS 

The procedure was appl ied to two exper'i­
ments for validity check; A simple rela­
tive orientation of a pair of stereo 
photographs and a camera calibration 
without control points. 

§. .. :,1 R.E';.L':l.ti.'{~ Q!H'_.Le..r~_t..Cl.tiQQ 2f. 9: J?H~,i.r: 2£ 
§~§C§Q Eb2~QgC~Eb~ 

A tar'get field of 5m x 5m x 0.5m (depth) 
was imaged by a 35mm metric camera, PENTAX 
P,A,MS 645, f= 44. 979mm. Two photographs 
were taken vertically in stereo with a 
base length of 1.5m, over,']apping each 
other 50%. Common pass-points are 12 in 
number (minimum r'equirement is 8). This 
conf i gu rat i on is not good for' the proce­
dur'e of automatic adjustment but very 
commonin industrial photogrammetry. 

In nine €ligen-values obtained from 
eq.(5), thr'ee of them wer'e 0.0598,0.146 
and 1.02, whi '] e others are gr'eater than 

100,000. As a result of applying the 
pr'ocedur"e mensioned in 3", a set of t"ota-­
tion angles with t'espect to t:he model 
coord i nate system Wer"E~ obta i ned on 1 y for' 
the thir'd minimal E:'ligen--value. The other 
€ligen-values did not produce misleading 
false solutions. Residual y-parallaxes 
obtained in the ensuing precise orienta­
tion ~,,'er'e '7 urn in RMS. Table 2 ~,hows the 
approximations and precise values of 
angles. 



Likely one gets 

(12-2) 

(12-3) 

where eq.(12-3) is identical to eq.(10). 

Writing the first six expressions of 
eqs.(4) in the form of 

m21 n 31 P1+m31 n 21' 

m21 n 32 P2+m31 n 22' 

m21 n 33 P3+m31 n 23' 

m22 n 31 q1+m32 n 21' 

m22 n 32 q2+m32 n 22' 

m22 n 33 q3+n 32n 23' 

multiplying the first with the fOt,th, the 
second with the fifth and the third with 
the sixth of each side of the above ex­
pressions and summing up them, one can 
calculate the right side of it. And the 
left side becomes 

m21m22(n312+n322+n332) ~ m21 m22 

:-sink 1cosk 1: -1/2sin2k 1 · 

This procedure produces four candidates 
for k 1 . 

Then n31,.n32 and n33 are evaluated for 
each candldate for k 1 . They are evaluated 
from following different equations for 
better precision. 

a) for -3/4ff Sk 1 <-IT/4 or n/4Sk 1<3/4rr 

n31 :(P1+m31 n 21)/(-sin k 1 ), 

n32= (P2+m31 n 22)/(-sin k 1 ), 

n33 :(P3+m31n23)/cos k1 

b) for -rr/4Sk 1<rr/4 or 3/4ITSk 1S5/4IT 

n31=(q1+m32n2,)/cosk 1 , 

n32=(q2+m32n22)/cosk 1r 

( 1 3-1) 

n33=(q3+m32n23)/cosk1 (13-2) 

From eqs.(8-2) 

sin w2cos ¢2 = n23' 

cos w2cOS ¢2 =n33' (14) 

Since n33 >0, which means cos ¢2 ~ 0, 

cos ¢2 = Jn 23 2 + n33 2 (15) 

There are four candidates for ¢2' And for 
each candidate for ¢2' angle w2 is evalu­
ated by 
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( 16) 

From eqs. (8-2) ; 

(-cos w2)sin k2 

+ (sin w2 sin ¢2)cos k2 

( cos w2) cos 1<2 

+ (sin w2 sin ¢2)sin k2 n22 

( sin w2)sin k2 

+ (cos w2 sin ¢2)cOS k2 

(--sin w2)cOS k2 

+ (cos w2sin ¢2)sin k2 = n32' 

one solves the first two equations to get 
sin k2 and cos k2 . They are always solva­
ble, even -jf sin ¢2 is zero. And this k2 
is tested by substituting -it into the 
third and forth equations. Any sets of 
candidates for ¢2 and w2 that do not 
satisfy both are abandoned. 

Since the precision of approximations 
evaluated above is usually not suffi­
cient, one should execute relative orien­
tation again using those approximations. 
An independent model is thus obtained, 
which is either Fig.1-1 or 1-2. 

Nextt he sign of a base length is deter-­
mi ned t he way that if Z p coord i nates of 
obj ects in the independent mode 1 coord i­
n,'9te system are 1 esser t han 0, it is set 
plus, and if Zp coordinates are greater 
than 0, it is set minus. 

4. EVALUATION OF ORIENTATION PARAMETERS 
IN THE OBJECT SPACE COORDINATE SYSTEM 

Independent models thus produced are 
linked to make a global model by usual 
success i ve or i entat i on. Sca·1 es of succes­
s i ve mode 1 s a re adjusted by sca 1 i ng base 
lengths. As a result exposing positions 
and t'otat i on mat r i cas assoc i ated wi t h the 
global coordinate system XMYMZ M are deter-
mined. 

4.2 Transformat i on fCQffi !b~ 91Q£21 [!)QS!~l 
S9.9J:..cIirlii~--ix~!im !Q ~b~ 9J~.l~9.! §J2.~S.~ 
£Q9C9iQ2!~ §~§!~ffi 

When an object space coordinate system XYZ 
is given, global model coordinates XMYMZ M 
are further transformed to the object 
coordinates. Here let us consider the case 
the object space coordinate system is 
implicitly given in the form of a few of 
3-D control points. In most industrial 
measu rements t hi sis common. And in t hi s 
case one can calculates orientation param­
eters automatically in the following way. 

Similar transformation 



A target fh~ld shown 'in Fi~1.1 1,lIas imaged 
by a metric camera, GEODETIC SERVICE CRC1 
f :::. 240.0mm (changeable), fi'lm size =23 
em. The camera is des i gned to det:ermi ne 
precise coordinates of object points by 
simultaneously adjusting with all other 
parameters; interior orientation parame­
ters of the camera and exterior orienta­
tion parameters of photographs (Fraser, 
1982) . 

The field was 4m(height) x 5m(width) x 
2m(depth) in size. 63 tar'get points were 
allocated three dimensional·ly. Most of 
points were imaged in most photographs. 
Ten photographs were taken, rotating kappa 
by 90 degrees to each other. The order of 
linking photographs adopted in the experi­
ment is shown in Fig. 3, where the photo­
graphs 3 and 8 make a datum model, and 
others a rel inked to this model. The base 
length of the datum model was set to unity 
( 1 m) . 

By applying the procedure mentioned in 
3., r'elative orientation parameters asso­
ciated with each independent model coordi­
nate system were unique'ly determined. All 
appr'oximations of interior orientation 
parameters but a camera distance were set 
to zeros. The camera distance was set 
initially to 249.5mm, which were read out 
from a micro-meter-based indicator of the 
camera. No false solutions did not appear. 
In additional experiments the authors con­
firmed that any other combination of 
photographs than in Fig.3 could make 
models, as long as their convergent angles 
were not near 90 degrees. 

In the case of no control points adjust­
ment can be done by t he met hod of f ree­
network or by the method of minimal con­
str'aints. The authors adopted the latter. 
Seven degree of freedom was fixed by 
giving the infinite precision to ZM of 
point a and XM,YM,ZM of point b,c. in 
Fig.1. As a resu'lt of the procedure in 4. 
Table 2 was obtained, which includes the 
a pproxi mat ions and t he adjusted va 1 ues of 
the interior orientation parameters of the 
camera (except for ones re 1 ated to 1 ens 
distortions) and exterior orientation 
parameters for photo 1 and 10 as well as a 
RMS difference between a pproxi mat ions and 
adjusted values of target point coordi­
nates. The rotation matreces determined by 
the procedure in 4.3 are both in the form 
[Q] [m] (K] . 

Table and 2 prove that 
produces approximations 
precise enough for ensuing 
ments. 

6. CONCLUSION 

the algorithm 
of parameters 
bund 1 e adjust-

This paper discusses the algorithm for 
automatic calculation of approximations of 
parameters in bund 1 e adjustment. Re 1 at i ve 
orientation parameters of each pair of 
photographs are evaluated from the linear 
coplanarity condition. All models are 
linked to form a global model. Then their 
rotation matr'ices are uniquely decomposed 
to angular elements. If the object space 
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coordinate system 
mation parameters 
eva '1 uated. 

'1 s gi ven, 
are also 

the t ransfor'­
automatici:il'j'ly 

The procedure realizes photogrammetry 
without control points or easy orientation 
and carnera ca 1 "i br'at i on. It is very usefu 1 
for digital-image-based plotters ( digital 
p'lotters), which features easy manipula­
tion for' everybody who are not familiar 
with photogrammetry. Actua'lly this has 
been a'lr'eady imp'lemented into a digital 
plotter, TOPCON PI-'IOOO and now in test 
use. 

The author's would 'like to acknowledge 
Mr.H.Ohtani, Mr.M.Chida in TOPCON Corp. 
and Mr.H.Hasegawa and Mr.K.Uesugi in PASCO 
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Zp Zp Yp 

~7 
0 ~ GJ 0 

2-1 2-2 

2-3 2 -4 

Fig.1 Imaging configuration in 
camera calibration 

2 3 4 5 

Xp 

YL c 
If: =180 0 L 1 If: ~90° I If: ~Oo x 

r L -1 r 
10. 9 8 7 6 

FRONT VIEW 

TARGET FIElD 

/ 
1 . 10 

I \ 5. 6 

2. 9 1 
3.8 

PLANE VIEW 

4.7 

Fig.2 Four solutions retrieved 
from the coplanarity condition 

205 



Table Approximations and the 
most probable values of relative 
orientation parameters 

r--------------------------~ 

I angl es (0 ) I Approx. M P V 
I---------t----------------
1 ¢1 1 349 359 
, k1 ,345 360 
I w2 ,-2.43 360 
, ¢2 1 0.0 -1.07 
1 k2 I - .. 1.49 360 
~--------------------------~ 

Table 2 Approximations and the 
most probable values of 

3--8--6 
1--7 
1--9 
1--10 

--5 
--4 
--2 
--1 

Fig.3 Photograph connection 
The number stands for photograph No. 
Photographs 3 and 8 make a datum 
model 

parameters in the camera calibration 

r------------------------------------------------------~ 
lInt. orientation parameters I 
1------------------------------------------------------I 
I 'approx. mpv. I 
'camera dist.(mm) 1 249.5 249.575 I 

,principal xO(mm) 1 0.0 -0.076 1 

I point YO 01 0.0 -0.341 , 
1------------------------------------------------------I 
IExt. orientation parameters I 
1------------------------------------------------------I 
I photo 1 I approx. mpv. I 
1 Q (0 ) ,-1 5 . 258 - 1 4 . 952 I 
I <b (0 ) I - 0 . 7 1 7 - 0 . 1 8 2 I 
I KC» I -88.176 -88.379 I 
I XO(m) 1 0.971 0.959 I 
, YO(m) I -0.025 -0.255 I 
1 ZO(m) 1 -0.236 -0.255 1 

I------------------t-----------------------------------I 
, photo 10 1 approx. mpv. 1 

1 Q(O) ,-47.681 -47.327 , 
I <b (0 ) 1 - 1 6 • 0 2 1 - 1 5 . 5 8 8 , 
1 K~ ) I -97.909 -97.966 I 

, XO(m) I 1. 969 1. 960 I 
1 YO(m) 1 0.495 0.489 1 
, ZO(m) ,-1.139 -1.121 1 

1------------------------------------------------------I 
, RMS difference of the approximations and the most , 
, probable values of target point coords. in the globall 
I model coordinate system I 
I 0.918(mm) I 
~------------------------------------------------------~ 
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