FRACTAL DIMENSION ESTIMATION AND ITS APPLICATION TO IMAGE SEGMEMTATION

Tao Chuang Lin Zongjian Lu jian

Wuhen Technical University of Surveying & Mapping

Wuhan, P.R.Chins

ABSTRACT:

The fractal-based approaches have been used in a variety of spplications ,

new method (SAVR) to

estimating the fractal dimension (FD) of image data is

ISPRS Commission III

In this paper, A
proposed. A

Comparative study of the properties of current methods for the FD estimation is carried out

and the experiments results show that the SAVR method and the BLANKET method are

guitable

for image processing. Furthermore, from the viewpoint of application, we discuss how the FD

can be used as sn important measure for image segmentation
feature extraction and texture segmentation are presented, and some meaningful

are obtained.
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1. INTRODUCTION

Both a description and & mathematical model
for many of the seemingly complex forms found
in nature can be provided by fractal models
developed by Mandelbrot ( Mandelbrot, 1982)
The defining characteristic of & fractal is
fractal dimension (FD), which has been used
as a measure of spatial complexity. Recently,
the fractal- based methods have been applied
te many areas of digital image processing,
such as, image synthesis, image compression
and image analysis (Fournier, 1982, Barnsley,
1988, Pentland, 1984). however, there are two
main problems which limit the application
The first one is that the image data are not
pure fractals, that mesns, the FD value is
pot a constant aceross & range of scales. The
second problem is the different values of FD
may be estimated by different FD estimation

methods, the experiments results detailed in
gsection 3 of this paper will show this fact
clearly,

In order to overcome the above problems the

following research objectives are determined
Since the FD is & key characteristic in
fractal-based analysis of digital image ,
the FD values should - be calculated
correctly and reliably, which implies the
FD values must be caleulated within its
certain scale limit, But in fact , the scale

Fretal dimension estimation ,
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Finally , the experiments on

conelutions

Image segmentation ,

limit could not identified easily and using

different FD estimation methods , the
length of scale limit may be different,
Therefore, first of all , many current
methods of estimating the D are
evaluated in such aspects: correction of
the FD estimation scale limits,
characteristic with multiresolution, window
gize and directions of the FD, The purpose

of this work is that, which of these methods
is more suitable for image analysis and image
processing and which of them is more
effective in certain above aspect with the
needs of application. Secondly, we use the FD
as & measure of complexity of image intensity
surfaces in small areas to apply to image
segmentation, instead of using the FD as &
mathematic model to represent image surfaces.
It can be seen that we have obtained many
satisfying experiments results which seem
difficult to acquire by other image
processing techniques,

2. FRACTAL DIMENSION ESTIMATION FROM IMAGERY
2.1 DBLANKET method

According to the fractal geometry, the
relation between the area A(r) and the scale
ris:

A(r) oc r®P




where D is the FD value, Now the problem is
how to estimate the A(r) from a image. In the
BLANKET method developed by Peleg (Peleg, 1984),
the image intensity surface is covered with
a 2r thick "blanket’. thus the A(r} can be
calculated by the blanket volume divided by

2r, The blanket volume is considered by its
upper and lower surfaces u ard b
Vioy=2, slutr, i, j)-b(r, i, j31...... (2}
where the blanket surfaces are defined as
following
Ur, i, j) =max{u(r-1, i, j} +1, maxfu(r-1,m n}]}
(mn)€s
b(r, i, j)=mis{b(r-1, i, j) -1, minlb(r-1,m 0} ]}
mn)€s
u (0, i, j)=b(0, i, j} =G (i, j)
...... 3

in which s={ mn) | | mno)-(i,§) ]| =11}
hence we have obtained the measured A(r) at a
distance r:

Alry=V(eY/2e ... (48)
ARy =IV(}-V@e-D)1/2 ..., (4b)
Peleg considered that the Eqs. (4b)  provides

reasonable results for both fractal and quasi
-fractal surfaces, however, it has heen shown
from our computation results that when the
Egs. (4b) is used, the scale limit is so small
that the reliability of the FD values will be
influenced, Fig 1 gives the illustration of
the BLANKET method in one dimension,

In faet , the ecaleculation of u and b can
be implemented by erosion and dilation
transformation in mathematic morphology
u(r)=G® rk=pax{G(i-m j-n)+r - k(m 0}
m o€k
i-m, j-n€ H
b(r) =G rk=min{G (i+m, j+n) -1 - k(m, n)}
m o€k
, i-m, j-n€ H
...... (6)

where k is the unit structure element with a

sphere shape, K, H is the project sets onto
the plane from G and k ( Haralick, 1887).
Essentically, Egs, (§) is consistent with
Egs. (3).

2.2 SAVR method

The relation between the superficial area and
volume has been given by Mandelbrot
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(Mandelbrot, 1982):

g/® o V¥/® B ()]
But Mandelbrot has not explained the meaning
of the above expression explicitly, so -~that

many papers have quoted the relation in &
simple way: 8'/® = K. V*/3 Dong (Dong, 1991)
pointes out the above equation between 8§
and V is not correct and derives the concrete
equation from (§) written as following:

§1/Do-1 o |, pn-1-Dn-1) /Da-1

where n denotes the Euclidean dimension which
is generally greater than the FD. The above
equation (7) has been proved theoretically,
however, it has not been so far wused in
application, since both the S and V can not
be caleulated easily, '

In this paper, a new method called SAVR method
( Superficial Area-Volume Relation method).
is proposed. Fig 2 illustrates the SAVR method
in a profile of image, In a rXr area centered
by an arbitrary point of a image window, u.(r),
bo(r}, Vo(r} and A (1) can be computed
according to Egqs, (2), Egs. (3) and Eqs. (4a3).
Then we can estimate the supperficial area 8
and volume V by & virtual way:

S (f) =2n ° Au (r)
Vi) =n- Vo (r) - (n-1) 2n+1)®

If we select point every certain distance in
the image window, the average S(r} and V (1)
are obtained for the whole image window. To
estimating the FD value of this image window,
Egs. (7) can be written as following (n=3 in
this case):

g(r) 1/D._.k o (2-D) /D, ‘V‘(r) i/38

the logarithm of both sides of (9) are taken

to yield:

TogS (r) -21ogr=Dlogk+ (1/3) DlegV (r) -Dlogr. .. (10}

where D and k are both constants, so we have :
log§ (r) /1) =Dlog(V(x}) */3/1}+C ...... (11)
which is in the form of a linear equation

This question can be used as the basis for a
linear regression, taken at different r, The
parameter D is the slope of the best-fit line




within its range of scales ., The difference
between the BLANKET method and the SAVR method
is, the former method provides the FD value
of the whole image window , in which only the
thick of "blanket® is varied with different r,
the latter method takes the variation of r in
all directions into account, that is,not only
the thick but also the size of area are all
related to r. The comparative studies which

descriped in the next section show the SAVR
method has many good properties for image
analysis., It should be noted that if the

average processing step is emitted, the SAVR
method can provide the FD value related o a
gingle point of image , called single point
SAVR (PSAVR) method and if n of Egs. (T} is
equal to 2, the SAVR method can provide the
FD value of & profile of image in such case,

2.3 The other methods

Fractional Brownian Increase Random Field
(FBIRF) can be applied to model the surface
of image (Petland, 1984), FBIRF based methods,
we called FBM method and FBV method, can be
written as following

logE[ | G(i, j)-G(k 1} | J=Hlogr+C ,..... (12)
" “)j)'(k) ” [l =1
logVar [ | G(i, j)-G(k 1) | 1=2Hlogr+C. .. .. (13

I G- 1) | =r

where D=n-H, In Eqs, (12) the mean values are
used (FBM) and the variance values are
applied in Eqs. (13} (FBV)., the FBM methoed has
described and applied in many papers (Petland,
1984),

Box measuring method ( BOXM) developed by
Mandelbrot and Voss (Peitgen, 1988) has bheen
given a detail description in Keller’s paper
(Keller, 1989}, We just adopted the original
method not modified by Keller to use for the
comparative experiments,

Density Correlation Function based method
(DCF) developed by Tao (Tao, 1992) to apply fo
estimating the FD from grey level image. The
FD values are estimated according to relation
between the density correlation function C

and r;

city=k-r>> ..., (14)
where, C(r) 1is obtained by box covering
technique which has been applied to BOXM
method,
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3, COMPARATIVE STUDIES ON FRACTAL DIMENSION
ESTIMATION METHODS )
estimation

In this section, the above FD

methods first are compared in many aspects
For the purpese of comparing the methods
correctly, the simulated fractal images with

kown FD values are generated by recursive sub
-division approach (Amanatides, 1987),

3.1 Correction of FD estimation

The above six methods are all tested on the
gimulated images (FD ranging from 2.1 to 2.9).
It is shown from Tab,1 that SAVR, BLANKET and

FBM three methods acquired good results,
which behave in such two cases: first, the
estimates of FD are approximated to the
original FD values, second, the linear

relation between the estimates and original
of FD values is explicit,

3.2 Scale limits

The FD values can be estimated correctly only
within its scale limits. In application, the
problem is that the scale limit is difficult
to determined, To overcoming the problem, we
should select the method which is not
sensitive to scale limits, that is, the scale
limit of this method is relative long, since
the different methods used in FD estimation
may produce different scale limits, Fig, 3
illustrates the experiments results of
testing the six methods mentioned above on
simultated images whose FD is 2.6, As can be
seen, BLANKET method and SAVR method behave
good straight linearities and have long scale
limits,

3.3 Chargcteristic with multiresulotion

A theoretical fractal objeet is self-gimilar
under all magnification and the FD is stable
with changing resolution, however, it is
obvious that this property will change with
using different methods, To test the charac-

teristics of multiresolution of different
methods , the four levels multiresolution
images of the simulated fractal images are

genernted by averaging processing . Three
methods are carried out to test their charae-
teristics of multiresolution and the results
are shown in Tab, 2, We can find that both
SAVR method and BLANKET method have good
results, especially, the former is more sta-
ble in FD estimates. FBM method behaves not




well in this aspect.

level of original FBM BLANKET SAVR
resolution FD
2.2 2.24 2.51 2.41
Level 1 2.5 2.40 2.85 2.684
2.8 2.92 2.11 2.84
2.2 2.00 2.53 2.43
Level 2 2.5 2.54 2.87 2.64
2.8 2.70 2.80 2,79
2.2 1.84 2.40 2.38
Level 3 2.5 1.88 2.54 2.54
2.8 2.01 2.71 2.75
2.2 1.88 2.52 2.28
Level 4 2.5 2.68 2.65 2.57
2.8 2.97 2.70 2.7
window size 21X21 88 21X21
Table: 2  the FD values estimated from
multiresolution images
3.4 Vindow size and direction
As the generated test fractal images are

the size of window can affect the
It is shown in Tab.1 and Tab, 2
that besides the BLANKET methed of which
window size is small (8 X 8} , the other
methods have used large window with size 21X

simulated,
FD estimates,

21, By comparision the BLANKET method can
obtain good FD values in very small window
of size 4X 4 and thus its t{ime consumption

of FD estimation is lower than others.

Direction is one of the important properties
of the FD. By changing window size and window
shape, we can estimate the FD values in a
certain direction, It should he mentioned
that some of the above metheds can provide
the FD values of & single profile of images,
namely, FBM, FBV, DCF and SAVR methods,

4. FRACTAL FEATURE BASED IMAGE SEGMENTATION

The fractal-based approaches have been
applied in several different types of image
analysis application (Peleg, 1984, Petland,
1984, Keller, 1989, Stein, 1987), Stein has
made use of the fact that man- made objects
are not fractal structures and, accordingly
will not provide reasonable fits to fractal
models. In reality, this kind of techniques

54

which use the differences between the FD of

natnral phenomens and that of man-made
objects to dectect objects is not always
reliable and effective, because of the

problems discussed in section 1. However, the
FD of subsets of an image can be taken as &
useful texture measure which can be used to
discriminate features in an image,

4,1 Feature extraction

The SAVR method and BLANKET method can
provide the FD estimates from both fractal
and nonfractal image data, and their straight
linearities are quite well accross the long
ranges of scales. Therefore both methods can
be applied in feature extraction and image
segmentation on real image dats, Fig 4 and
Fig. 6 illustrate the feature extraction by
BLANKET method in which the maximun of r is
13 pixzel and the window size is 3x3. The FD
values of poinis located in the center of the
window are calculated by using the sliding
window in the original images, thus, we
obtained the processed images in which the
grey value of each point denotes  the
transformed FD value which has converted from
the value ranging in 2, 0-3.0 into the value

(a) (b} (e}

Fig. 4 Fractal-based feature extraetion
(8) original image
(b) image convoluted by Sobel operator
(¢} D-feature image

(a) (b) (¢)

Fig. 5 Fractal-based image segmentation
(a) original image
(b) D-feature image
(¢) binary image




ranging in 0-266. We called this image D
-feature image displayed in Fig 4c and Fig. 5b
As compared with the image of Fig. 4b which is
convoluted by Sobel operator on the original
image, D-festure image Fig 4c can give us
some detailed features which ecar not be
detected by the traditional feature extrac-
tion operators, The image Fig bc resulted
from thresholding on D-feature image Fig. 6b
shows us that the FD computering techniques
can be regarded as image processing operators
to apply to extracting edge feactures,

4,2 Texture segmentation

Coarseness and directions are two main
features in texture analysis, The FD values
can he suitahle well for representing the two
features, The image of Fig.6a is a composite
image with two different textures subimages
in  coarsenéss sand- bank and broadlosf
selected from the aeropheto samples,  The
image Fig. 6b is a D-feature image which s
transformed from image Fig 6a by using the
PSAVR method (The maximum r is §). For the
histogram of image Fig, 6b has clear two
modes and that of image Fig. 68 has not, the
image of Fig. §e¢ is obtained easily by
thresholding the image Fig 6b. The image of
Fig. 6d which has been filtered by 6X6

median filter shows us a good: result
for segmenting two kinds of textures in
different coarseness. As can be seen, the FD

0 (b)

© @

Fig. 6 Texture segmentation in coarseness
(a) original image
(b} D-festure image
(¢) binary image
(d) image convoluted by median filter
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measure is very useful for discriminating
different textures in coarseness.

The FD also has a directional property which

has been discussed in setion 3. 4 . Some
meaningful image features can be constructed
by the directional FD values in different
directions. Let Di denote the FD value in |
direction, We have:
3
MEAN=1/4 = D,
i=0
3
VAR =1/4 £ (D\-MEAN)*
i=0
MIN = min{ D, }
o< i<}

where i=0(east-west), I({(northeast-southwest),
2 (north-south), 3(northwest-southeast), The
feature MEAN indicates the degree of texture
coarseness, VAR indicates intensity of
texture direction, MIN indicates that i
direction is & trendency of direction of
texture variation. We can derive more
features through the composite of D, in

application, The image of Fig. 7a composed of
two ridge subimages in two directions of
texture variation is used for experiments. We
obtained the D-feature image Fig. 7b from
image of Fig, 7a by using PSAVE method to
estimate the FD values D, and Ds ( in this

{c)

Fig. 7 Directional texiure segmentation
(a) original image
(b} D-feature image
{¢) line detection from (h)
{d) binary image




case , the maximum of r is 4, n is 2) . The
values of points in D- feature image are
computed according to:

G, jy=f(1/2D,+1/2Ds) ...... (16)
f(-) indicates the linear transformation
from range 2.0-3.0 into range 0-265. At the
boundary of itwo neightbouring subimages, the

intensities of D, and Ds are both strong and
the output G is higher than that of the other
locations, Using Nevatia operator to do line
detection on the D-feature image and then
median filter to do conveluting with 6X6
mask, the image Fig 7c is obtained.  After
thresholding image Fig. Te, we have extracted
the texture boundary displayed in Fig 7d. As

a result, the directional FD 1is one of
important measures for image texture
segmentation

6. CONCLUTION

The fractal-based technique is a new approach
in image analysis and image segmentation. The
method (SAVR) based on the ralation between
the superficial area and volume is developed
for estimating the FD. From evaluation on
six FD estimation methods in many aspects,
" the SAVR method and the BLANKET method beth
behave good properties for image processing
It is diffieult to apply fractal model to
represent the image surfaces, but we can take
the FD as a useful texture measure which can
be used to characterize features of images.
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Comparison on the FD values estimated by 6 methods
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