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ARSTRALT

frouracy improvesent is often sz
rement  in many applicatione of

fr  ewtension  of this siudy into the topic of
variance reducticon in datz analyses by use of
gulti-coptrol  varizte metheod smong oiher Honte-
Carlp techpigues is presented. Varianre redoc-
tion and the conseguent increace of accuracy of
the ecstimate is the motivation for the study.
Straight single conirol variate,regression-
agiusted control variate, concomitant tontrol
variate are some oiher wariatione in comson use,

desired regui-
photogrammetry.

The gultiiple-control variaste method ic particu-
tarly applicable in phetogrammetry ss it ipvol-
ves noncon- trol chiect space coordinate para-
meters estimation using csimultaneously a set of
control obiect space coordipates,

The 3-digensional coordinates of &
ke copsidered acs funclions of
in &t least twe pheotographs, interiocr ocrienta-
tion parameters of the camera and esterior <3
rientation parameters of photographe
veed. Because of this functiopal relationship,the
coordinates of adiscent peints  are  dependent.
ezing this information in a judicious way, it is
possible to  isgprove accuracy of  cosputed  3-D
coordinates of noncontrol obiect space points.

point  can
photo-coordinates

Contrel point coordinates could thefore be used
in variance reduction by multicentrel  wvariable

method, Comparicson of resulting sccuracy  esti-
mates  would reveal efficiency and suitability
of the selected number and locstions of proints

for use as mpultiple control variates. Simulation

would ke the basis of data formulation and  ana-
lyses.
KEY WORDS: Variance reduction, Hoeste Carlo,

Close range, Simulation, Accuracy improvement.

1. INTROBUCTION

Honte Carlioc technigues
sgien- tific disciplines
of this gffort ics in the
tign in systems analyses. The applicability of
some  of these technigues to the norssl case of
terrestrial  and close range photogramasetry  has
been demonstrated in {Magaraja, 1990,9%1). Though
at first sight it might sees that sampling pro-
cedures only apply in case of sigpelation studie-
=, further reflection should indic- ate  that
conceptually and practically, it chould ke pos-
sikle to incorporate thece ideas in reduction of
practical data. However, this paper deals with
a case study in simulation.

are often used in  many
and & considerable part
area of variance reduc-

The subject of variance reduction has received,
cutside photogrammetry,considerable attention
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and & number of methods have been geveloped.
Therefore, there are & few technigues ?hat help
tg increase accuracy and hence pfficiency of
sigulations, sometimes suhstantially, by Qrodu—
cing jess variable observations. %ccmfdfng}?,
there is & need to study such & poszsibility,
Willier ang Lishermanit?8s) have given & }Qng
1ist of surcessful applications of simulation
studies.

fpplications of sipulation are not e in pha?n-
grammeiry but new applications are 5t322vp3553b—
ze.ﬁariance reduction techniques seek either an
increase in preciainnidecreased variancel for 1a
fived sample size or a deCyYEssE in the sampie
size required to ohtain a given degree nf preci-
zipn., Several authors have rautioned s in using
these technigues.If properly uegd, these ?echna—
gues canp  provide tregengdous  iRCYEASE in the
efficiency of the model; however ,if the intui-
tion is faulty and analyst does not usE &
ressonable design, the technigue can ziso Vbe
very unpredictable and actually ipcreasse  varia-
nce tor some technigues.fecause of this reason,s
systematic  and thorough study of  the cselected
method is essential in adapting it for amy spe-
cific application,

The control  wvarisbles technigue applies  wvery
well when there is ap sguivalent to the process
we are sigulating ithat can be trested theoreti-
cally. For example,in the normal case of close
range photogrammetry we have an  egoivalence
petween computation of coordinates of & noncon-
trol ohiect space peint and that of & controld
ohiect space point, We can thes simulste the V-
coordinates  isay) of & selected ohiect cspace
peint and that of the known control point sigpul-
tanenusly, using same randeos nusbers  in both
computations., Then the difference in the knoun
and  computed coordinste of the control  ohiject
space  point is an estimate of the correction to
be applied io the computed resulis of the selec-
ted obiect space point. This procedure,therefore
cuts  put the variance due to common  parameters
in the two precesses leaving only the variance
of the error of aspprosigstion.  Obvipously, thics
should ke of & lower order of magnitude. In
photogramsmetry, ac control peoint ipnforsation is
generally available, it capn ke used as & control
variate. This same ides can be further estended
to & multi-control wvariable{MCV) technigue and
an  attempt iz made to present this extended
application study in this paper.
2. A SIMULATION EYPERIMENT BASED ON NODRMAL CASE
In order toc understand the capabilities of  the
MEY technigue,it is necessary to set up a frame-
work for the sigulation study. This aspect is
reported  in this section., The sssumed/true ob-
iect cpace coordipates iic nearest mm),  angd the




corresponding photo coordinates in the left and
right photographs is listed in  table t. The
calculated phoitn coordinates conform to the
‘normal  case’  in terrestrial and clese range

photogrampetry.

Tabkle {:True ohiect space and phote coords. imm)

W : %’ ' ¥ ¥ i
11716000 10,000 10,00 3 a00 3BAG 00
12 76,008 10,000 0,000 10.000 1700 3840 400
13 20.000 0.000 0,000 0,000 1200 3840 000
13 20,000 -10.000 0,000 -10.000 1200 3840 -aD0
LS — e -

15 10.000 -10.000 -10.9000 -10,000 400 3840 400
16 0,000 -10.000 -20,000 -10.000 000 3840 -500

7 0.000  0.000 -20.000  0.000 000 340 000
18 0,000 10,000 -70.000 10,000 000 3840 400
19 10,000 0.000 -10,000 0,000 400 3240 000
21 7,934 7,934 -07.934 7,934 400 8B40 400
72 15.868  7.934  0.000  7.934 1700 4830 400
73 15,848 0,000 0,000  0.000 1700 4R30 000
28 15,858 -7.934  0.000 -7.938 1200 3840 -&00
25 7.934 -7.938 -7.933F -7.934 400 8R40 -400
26 0,000 -7.934 -15,858 -7.938 000 8840 -500
27 0,000 0,000 -15.868  0.000 000 4840 000
28 0,000 7.938 -15.B48  7.934 000 8840 400
29 7.934 0,000 -7.938  0.000 500 3830 000
3t ALETS A.STE -£.5F75 4,575 400 5830 406
32 13,151 4,575 0.000 4,575 1700 SR40 400
I3 13,151 0,000 0.000  0.000 17006 540 000
I8 13,151 -46.575  0.000 -4.575 $200 SA30 -400
35 4,575 4,575 -4£.575  -£.575 400 S840 -409
34 0.000 -4.575 -13,151 -6.575 000 SR80 -400
370,000 0,000 -13.151  0.000 000 5830 000
38 0,000  4.575 -13.15%  4.575 000 SRS0 400
32 46,575 0.000 -04.575  0.000 400 S840 000
41 10,200 10.200 -10.280 10.200 598 3750 598
42 19,200 10.200  0.000 10,700 1200 5000 438
43 18,071 0.000 0,000  0.000 1700 4250 000
44 70,400 -10.200 3,330 -10,700 1435 4495 -717
85 10,200 -10.200 -4.000 -10.200 756 8741 -754
36 0.000 —10.700 ~15, 360 ~10,200 000 5000 -787
37 0,000  0.000 -14.479  0.000 000 5250 -837
28 0.000 10.200 -13.988 10.200 000 5482 875
4% 10,200 -1.000 -3.800 -1.000 874 5485 -084

E=1200 mm, =64, 0mm,Format=%0x45 am, Yo=Yo=Io=0.90
S.E.:8B=0.1 mp,5f=0.01 me,Bu=8y=08x =8y =0.005 mm
Feints 4% to 48 are used as MEV variable points.
Ft.49 was used s= MOV only in rase L of takle.Z2.

3. THE MULTI-CONTRBL VARIATE {MCV) WETHGD
The idea of & single-tortrol wvariable  Honte
Carle technigue for reduction of wvariation of

sample obhservations, which thereby increases the
precision of the estimate, can be readily exten-

ded tp & multiple control variates technigue.
The computational procedure to be followed in
this nmultiple case is explained in. {Kokayashi,

1981). Following this idea, we proceed to define
a new random variable I, by

E€R}=V(R}-2:bi(Xi!E}—E{X§]}, i=1,2,. .k, ... 43080
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matrin of I

If & denctes the covariance k
the croEs cova-

= {xd,x2...5kY ang 3¢ L denctes

riance vector bhetween Y and X;
Gij=Covifi, X33, 1,3 = $,2,...h. se . 3320
and Di= CoviY¥,¥i3, i=1,2,...k. .. 1330

then the optimal welue for B={bl,kZ,...,Bk3 is

o
Bo = L & e i3 81

uhich leade to

t 7
Mart13=¥ari¥3i-L 8 L=¥ari¥3I{i-Ryz} sen B3LED

Fys s the multiple correlation copffi-
cient between Y and X.The zguare of the corre-
lation coefficient is often called the coeffi-
cient pf deterpinatiop s it represenis  the
fraction of the total varisiiocn of ¥ explsined
by wariation of ¥, Here,azs EIZIX}=E[Y]},cemputed
value of I iz used as ¥, The ides bhehind the
multiple-cenirel  varisie variance reduction is
similar to regression anzlysisicpecial case  of
analysic of covariance). However, in the regrecs-
sign analysis we veunally wish to inpvestigate the
power of & set of predictive varisbles ¥ in
eiplaining the variation of & response  variahle
¥, whereas in variance reduction by the malti-
control variate method, we evaluate the addi-
tipnal reduction in the variance against  the
additicnal computation invelved, Wde should besr
in mind that it iz possible to achieve any
desired reduction of variance by ueing the mean
of & sufficiently long simulation rum, i.e.; we
rould use the arithmetic mean in place of each
chservation, The MLV method has heen successful-
by applied ipn stedying the gueuseing sysiem.
Referring to iGraver, 1946%}),{Kpobayashi, 1981}
reports that multi-contrel variate method
ithree control  variastes) cuts the variance to
about 8% {that ic ky & factor of 12.5) of the

ipitizl  walue. It is interesting to note that
the mean value of I and ¥ would still ke the
same when the negative value befpore the summa-
tign ip eg.3.1 is changed te & positive sign.
This fart has been used to sodify eg. 3.t
follons.

where

3-8

2£R)=¥tﬂ}1§fhi€§iiR)—EfX}} for bidd EEE RN

ZiR)=?€R)+Z:biCXiiﬁ}—E{X}} for kixd .. 43,601

SIGNIFICANT RESULTER

Some combinations / variations of ewperimenta-

tion involving MOV parameters were carried out
through computer programs written in HE Fartran
and implemented on Casic FR4100 micro- computer
{1BM ¥7 compatible) and the resulis chiained are




presented  in  coge detail in thie section  in

takie 2.

AMALYSEE OF REBULY
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The resuelts listed in  table 2 zre  guite
useful in finding aspcwers to bkasic  guestions
related to experimental design. The analyses of
resulis, ip geperal, follow thic scheme.

81, Dpes MLV techpigue improve accuracy of ecsti-
mate of ¥ and how does it cempare with sigple

Honte Carle techrnigue?. To begin wilk, the re-

sults of case £ and case H may ke compared. The
redauction  ip variance iz of the order of 0%,
fdditional computer time reguired for thisz is
oniy about 28X, The answer ic thus clearly affi-
rpative,

82, Which =statistical schemefeg. 38 best

suited to the normal case in close range photog-
ragmetry? We can  find  the apswer te  this
through =tep by step coesparizons.  Fesalt of
cases B and C indicate that it ic beiter to ucse
the same randos number csiream for processing the
variances at the warious points and further that
it iz preferable to adiust the random nuosbers to
wield a meap of rerpo. Again, Comparisohn of case
& or case B with rase D indicates that it ics
better to use & computed value using eg.3.4 for
ki vector rather than use a wvalue of & for each
of the elesents ip the vector. If we compare the
results  of tases D or F or 6 agsinst result  of

case H, we underctand that use of eg. 3.6 3 & &
combined in one would be preferable to use of
either I.é4a alene or 3.4k alone or gg. 3.4, This
is attributable to the mavimes redection in the
magnitude of the residusls realizable in case H.
Table 2: Variances chiained by use of different
methods
TEASE VARIANCER YT
I, pl.ti,pl.2,p1.3

Simple Monte Carlo tech.
4. Ho HCY  Para. used.
time = 2M 108,

Rewind used. File:MOVBIA,DUT

B 112.4 90.3 57.8 hi=1.HCY technigue used.HlY=
8.Rifferent ran.numbers poed
at each step. Rand. nos. not
sdi. to mean O, Al MOV can
be located in one plane. Mo

rewing used, MCYGLIER, BUT.
Fef.eg.3.1
€ 103,86 79.0 &2.4 HCY tech, HCW = B.Fand. nos.

a8, te mean 0, bi=1.Pis.18,
19, 23,79, 31,383,377 reveal
large diff.bet.calec, & true

walues, Al WOV Y are egual.
No Rewind,HCVBRILC. DUT.
Fef. eg. 3.1,

L=
k3
.

tn
Lh
.

ol
[
s
d

HCY tech, 85=54. MCV=8. Five
pte chew neg cov. bet ¥ & ¥,
Correction computed as  in

Kebayashi.fef.eg. 3. 1. Var, is
not reduced., MEVEID, OUT.
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iTable 7 Continued.}

m
3
i
N
]
s
=3
.
[

MEY terch.B peints 81l in one
glane, Diff. rand. nps., used
for each control wariable.
HEVBLD, 2UT. Ref.eg. 3.4,

HLY tech.88=54 8LV = 8. In
computing corrections coni-
ributions arising from pos.
ki wvalues only are faken
sroount. Var., red, is
guite good. MOVBLE, DUT.
Fef. eg. 3.bk.

F 0.5

into

HEY = B, They are unegual Y
conrd., of conirel pointe.
“ar.red. obiained by use of
neg. bi values oply,
HOMGLIF, BUT  Ref.eo. 3.és.

MEY = B, ki walues calco.
from CeBINY, Var red chtd.
by consideration and seper-
zte ireatment of positive
ang neg. ki valwves.Run time:
W 455, HMOVOGIE, QUT.

Ret. eg. RIN-1.

A.be &k

-

MOV = 3#8 =24 Hc improvement
in war., ©f comp.Y-roords,S8=
S8, Run time:4MIO0E.MLOVBZE. BUT
Ref. eg. 3.b6a & 3.4k,

WLW= 4. 8nly Y-roord of cont.
pte used.¥ar.red, = The
4 pts are situated similar
to mid-side fidurial marks
in WOVBTIA, BUY. The Four pis
are cituasted a2t corper of
conit, fipld in HOVB3RA, 2UT.
Run time=20 I78.HOVESA.DUT &

L2UT . Ref, eg. 3,83 & I. &b,

fe
20U,

MLY = 2. Bignificant red. of
war, Run time=2IM 305, HOVEIA
LU, BUR,, QUC,, DUD,

Fet, eg. 3,68 & 3.6k,

o
ey
.

)
-
.

P,

HMEY = ., Bignitficant red. of
war. iz oheerved. Rup tige =
2W 238, HOVBIA.0UL TO . ous.
Fef. eg. 3.88 % b.

9,3 Bame as rcase H except that
the ref. pt. for caleo., of ki
iz rchanged to 32, HOVEBLG, 2UT

Same as cace H exceplt that
The ref. pt. for cale. is
changed to 22, MOVBIGE, SUT

upit for variances is mm¥#?, S8=Bample
size used in estimating variances, MLV

Ho.of Hulti-conirol war., uwsed. BOVB?7, 747

refer to putput file mames. In case of
methods K & L, as the variztione were
very c=mall for the different cases, only

wne representative walue iz listed.
stands for plane.

pl,




The results contained in case L may be stu-
died to help us get some insight into the geome-
trical nature of the problem of variance reduc-
tion. MWe proceed to tabulate the results of ki
values for the varicus variations in case L.
These are -0.195, -0.174, -0.15&, -0.141, -
4,128, -0.117, -0.107, -0.098 & -0.098 CoOrrespo-
ndirg to the use of points 41, 42, ...,4% as the
MCY parameters. These values were computed spe-
cifically for point 12 only, =ituated in plane
t, in all ? cases.For this particular location,
the covariance between the Y-coordinate of the
point  and  the MLV parameter in each case is
negative, and hence also the computed values of
B ohtained by use of eg.3.4. It could be that,
if this simplifying assumption were not made and
the covariance and hence the ki value computed
seperately for each plane and used on & plane by
plane basis ,then we should have cbtained grea-
ter variance reduction for points in planes 2 &
3 alsp., Incpection of cases M & B chows that
this ie indeed true. It might also be interes-
ting to compare how the bi values change wshen
one  switches from the individual  control  wa-
riates of case L to MOV control  variates of
case H.Thus, the bi values pf case H are:
-0.248, -0.024, -0.168, 0,118, -0,.076, 0.013,
0.097, 0.0%4, Obviously, inspection reveals that

there is no apparent relationship between the
twe sets of values. Another point of  interest
may lie in comparison of residul  systematic

errors in cases A ve H. These values for points
in planes 1, 2 and 3 are 0,043, 0,019, 0.02! for
case £ and .02, -0.004 and -0.0848 for case H.
Obviously, with this limited amount of data, no
specific conclusions may be drawn. Further data
analyses would he necessary.

83. Is the use of
coordinates  for

complete three dimencicnal
the MEY pardmeters preferred

cver use of Y-cocordinate only?. Comparison  of
results  tabulated against cases H and I reveal
that it is advisible to use only the Y-coordi-

nate information, Further, from the computatic-
nal  point of view it should be easily possible
to ‘invert the 8 matrix. This would be the case
when a1l used Y- coordinstes are unegual  and
copsiderably different in value from esach other.
24, Mhich incétiﬁn in the control field is

parameterce?. To
westion, It i=
the

preferred for the selected MCY
arrive at an answer to this
necessary to look at the variations between
various results grouped under case L. It macs
noted that this variation did not exceed 0.4
mme€2  for  any of the cases, Acocordingly, it
should be inferred that the location of the WMLV
parameter in the control field need not be res-
tricted,

8%, In data reduction, how many MOV parameters
should one wse?. To suggest an answer to  this
guestion, it is necessary to compare results
given in cases L, K, 3 and H. The variances at

mid-plane location for these cases in order are
4.4, 2.8, 3.6 and 0.4 mme¥? respectively. It
may be noted that the variance reduction is by
a factor of 10 when the MOV parameters are
increased from ! to 8. The results  for  other
cases can be cobtained by interpolation.
CONCLUBIONS
The inferences arrived &t in the previpous
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section may now be summerized in & nutshell.

which
and

1. The MCY technigue is a powerful ‘tool
iz guite readily applicable in terrestrial
close range photogrammetry.

2, Considering some possible variations given
garlier the mathemstical structure represented
by eg.3.6 8 ¥ b is to be preferred.

3. Uging just the known Y-toordinates for MHCY
para- meters is better than using all the three
dimensional coordinates for the HCU’parameters.

4. As only the Y-coordinates are effective MOV

parameters _there 1is no preferred location for
such points,
5., The MLV control points sheould all lie in

diff- erent XY planes or stated in another egui-
valent wmay, the Y-toordiate of any MOV  peint
should not be egual to Y-coordinate of any other
HEY point.

4. A= a thumb rule, it may be stated that
the wvariance reduction of appronimately 19% per |
MCY parameter used may he expected.

7. Further dates analyses would be desirable in
confirming the above conclusions.
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