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ABSTRACT

The accuracy of the parameters of a camers plays an important role
in photogrammetric messurements.

In this paper, & direct mathematical method to determine the
exterior and the interior orientstion parsmeters of & non-mefric
camers is developed. The technigque depends on measuring or
caleculating the lengths of lines connecting one image of a control
point to another and also to the principal point. When compared
with the collinearity method, the new method has the advantages of
higher accuracy with lower time of computation.
INTRODUCTION point such as 8y should have space
coordinates (X,,Y,.,Z,), which can be found
One of the most important items in nt % '1t 1‘ i £ SA ith I
photogrammetry is the determinstion of as the point of intersection o 1 Wi ’
the orientstion parameters of central
perspective photographs taken with The method discussed here depends on
non-metric cameras. Collinearity between deriving the formulss of the distances
image point, centre of perspective and joining pairs of imsgdes of control points
obiect point 1is often the bsasic idea in terms of their spsce coocrdinstes.
behind the linearized form  of the Bguating  these  formulss to their
mathematical model (AX=L+V). Observations corresponding distances between image
are usually corrected for systematic points, which can be measured directly or
deviations (film shrinkage, lens caleculated, will give egustions in six
distortion ete.)} from the collinearity unknowns The space coordinstes of the
model before adjustment (Torlegard, 1981). camers station S(Xs’Ys’Zs} and the three
Wong (1875) S’gates th&t in close—rang.e.the aoefficients of the image pl&nﬁ' n(fﬁ,B,C),
?hotogrammetr}c solution may be lelqed Therefore, at least aix independent
into two major phases (1) relative equations amre required for the solution of
orientstion of individual stereoscopic the problem.

pair of photos, and (2} model linking and
absolute orientation to the object-space
coordinate system.

This paper introduces a new mathemsticsl
approach for determining the external
orientation parameters for non-metric
cameras. The system depends mainly on
using the lengths of lines between the
images of the control points. The new
method has been progranmed on the
computer snd checked mathematically and
practically. When compared with
collinearity method, the new method has
the advantage of higher s&accurascy with
lower time of computation.

MATHEMATICAL FORMULATION TECHNIQUE

Preliminary Note

Let n control points with known space
coordinstes be given as :Al(xl’Yl’zl)
. AZQXE,YZ,AE;, ..... A (Xn,Yn,Zn).

In Fig.(1), imszges al(xl,ylj, 8o (X 2’y2>’
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The number of line segments Joining n

points is given by :-

m = n(n-1)/2 (13
From which, only m = (2n - 3) (2>
are independent. This means that for six

unknowns, at least five control points are
necessary for the solution of the problem,
which will yvield Seven independent
equations plus three dependent ones.

Space Coordinate of an Image Point

The parametric equations of the straight

line joining S(Xa,Ya,ZS) with an object

point Ai(Xi,Yi,Zi) may be represented by:-

X

X.+ (X -X.)t
1 =3 1
Yo+ (Y -Y 0t
Lo+ (20t

(32

i

where t is a paramefer.

Let the egustion of the imade plane I he:
AX+ BY + CZ + D = 0O (43
Dividing by one of the <ooefficients,
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Fig. (1)

assume D, and without loss of generality,
the eguation of IT may take the form

AX + BY + CZ + 1 = 0© (5}

Substituting (3) into (5), the value of.
ti = t asgocisted with the imsge point a

is found to be
AX .+ BY.+ CZ.+ 1
i i i

ti = (B8}
A(XS—Xi) + B(YS~Y1} + C(ZS—Zi)

which =an now be substituted into. (3) to
get the.space coordinates of the imsage
ai(xi'Yi’zi)

X,z Xor (XXt
f= ¥.r (Y _-Y, 3k, 7
¥.= vt (Y -Y oy

Zi: Zi+ (Zs_zi)ti

where 1 = 1,2.3, ....,n

How, the distance 1k connecting Lwo

image points a, and aj may have the form

12 2 (XX (VY% (2T ” (8)
k ~ j i i Ti 3 i
while 1? can, 82 mentioned hefore, be

calculated or measured.
BEgustion (8) can Lake the form

e O
Fk ()“S}‘IS’L’S,A’B’L’} - ‘-\Xj_}miz‘ + K‘{j Yi/‘
. o w4 .48
ng—Ai; _1k =0 (93
with k = 1,2,3,....m.

Taking into considerstion zll peint pairs,
we get mw = n{n-1)/2 equstions

similar to (9), which form =a system of
nonlinear equations in the six unknowns
(XS,Y.,ZS,A,B>C).

=]

Determining the Unknowns

For the case when n=5 (min. value), the
system (8} contains 10 nonlinesr equations
in the six unknowns and c¢azn be solved
using the least sguares technigue to
compensate for any probable measuring
errors.

easch equation
using Taylor’'s

To simplify the procedure,
in (9) can be linesrized
theorem as follows :-

oF oF
Foo= ( F ) + (—=) dX_ + (—==) dY_ +
4 ko o o s a7 [SR
e . aF
(—E=) dZ_ + (—=—)_dA + (——)_dB +
3L . 3A aB
oF
( = )odC + terms of higher order (10)
a0
8Fk
where (Fk} P ¢ Foae e are value of
=] ax <

FP and its partisl derivatives at suitable

4

chosen initisl values of the unknowns

X ,Y ,Z2_,A ,B ,C The derivatives can
go Ho So o o o

be found by differentiating (8} partiszlly
with respect to the unknowns. For exsmple:

oF ) % N
Lo oa(E oK o(—E - —F 3+ 2(Y,-1;)
% J 01 % o%,,
a*fz a‘fi‘ . az‘i az‘i
- —") + 2(Z;-Z. - 3 (11>
8% 2y 4 17 5y %
=1 & = 2]

The new derivatives in (11) can be found
from (7)), such as
3%, 8t
i i .
= (X -X.) — + t. (123
% _ Bt ey *
ty is previously found in (8}, then
at - 7 +CL .+ 1)
Ly A(ﬁxi+BYi+b 1+ 13 )
= €13)
K _ ACK -%.3 4R(Y -Y.Y +C(Z -7 .3 2
s {‘&‘s i) (Y ~¥;) +C(Z ~Z,)]
Similsr formulas csn be found for other
derivatives,
The system of eguation (10) can now be
approximated by considering only the

linear term. The new system will have the
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following matrix form

[AJ[X] = [B] (14
where [A] is the coefficient matrix which
contains the initial valnes of the
derivatives

s OF ar aF ]
( 3, ) S ( de,
ax_ = ay_ ac

s s

IF.,
2y
[a1 = Y,
O . oFy \
4 Yo { o
ax, eC
5 i

[X] is the unknown vector where
{X]T‘ [ch,dYS,dZS,dA,dB,dC], and

fBl is the constant term vector

T
B} :[‘(Fl)o,—(Fz}o, ..... ~(Fm)o],whose

components are found by
initial values in (9).

Equation (14) sare solved to obtain
corrections dXS,dYS, ..... dC. These
corrections sre added to X_ ,Y_ ,...... C
Seo 50 o
to obtain improved estimstes and the
procedure is continued until the
corrections are negligible. It is to be
noted that the iterstion problem is
convergent if the initial values sre nesr
the solution (gimilar to Newton’'s method
for solving & system of nonlinesr

equations).

Determination of the Focal Length f and
the Principal Point p

After determining the six external
orientation elements (X _.,Y_ ,I_,A,B,C),

the focsl length can be cslceulated as the
length of the perpendiculsr dropped from 5

onto 1T snd i= given by
| A¥X_ + BY_ + CZ_ + 1
f - =] = 3 (15)

£,

¢ AZ + B2 + CZ )0.0
The spsce coordinates of the principsl
point p(XO,YO,ZO)can be found as the
point of intersection of the just
mentioned perpendicular with the image

pilsne T sz follows

substituting the
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ACAX + BY + CZ + 1 )
s S =

X=X _-
« s = = =
A® + B* + C*
. B(AXS+ BYS+ CZ_+ 1 3
Y=Y_- =
e 8 2 5 2 (16
AT + BT + C*
- C(AX + BY + CZ + 1
PR s s s
i = E_-
@ 5 z z z
A® 4+ B® + C~
To find the coordinstes of p{xc,y ripn I,
Y [] -
;t is necessary to rely on at lesst  two
imsge points, e.g. 8y and a,, whose space

and image plane coordinstes are known.

The spsce coordinstes al(X;,Yi,Zi) and
aZ(Xé,Yg,Zé)can be found from (8} and

(7>, whi}e the imsge plane coordinates
al(xl,yl} and az(xz,yz) are originally
given. As shown in Fig. (2% the
lengths of the line segments ll,lq and 13
are given by
il
/fp(}%'yo)
s 1
Fig. (2)
o _‘/‘, .2 oL 2 R -2
11—a2p— "KG_XE! +(YC—X2; +(ac—Zg)
- . - '~2 -w' !,'\2 .-’_.—.‘\2 - Y
1,780 :#{xo—xl} (Y Y (S -2 ) (173
[ . L2, . L2
13=a1a2:V/tx2-xlg + (yz—Y1}
The =lope of alazin I3
y?' yl
- — 183
tan al X - xl (
The angle 6 = € Pa,s.can be Tfound from
the cosine law
2
12422 - 12
cos 6 = = {19)
2
2 1213




There are two solutiong for €

_ o . <

& =6, 07<e, <180
8 - 8

1

coordinsates

a}
and b)
The

found

of ngo,yo)can now be

xl+ 12005 §a1+ 8)

p:4
(=]
yO: y1+ lzsin (a1+ )

the values
repeated

One of
should

This
It is
are
least
find
the

To revesl the ambiguity about
of 8, the above procedure is
nsing & third point Ba with a,.

the of  (x_ .y, )

coincide with one of the first ones.
is chosen to be the correct answer.
to be noted that if all image points
taken into consideration, the
squares technique can be spplied
the most probable position
principsal point p.

new solution

to
of

Determination of The Orientation

¢ and 2

Angul ar

Parameters

There are three rotstions necessary to
transform the space coordinate system O,
X, Y, into a position parallel to the

image plane system o, x, ¥y, z, fig.(3).

-
&

the space system is vrotated
-axis through an sngle ¢ to the
The Xl axis is
parallel to d, the line of intersection of

T with the XZi-plsne. HNext, the new system

is rotated about the Xl—axis through an

angle «w to the position X,.=
to

At first
sbout the Y
PR = 4
position Xl’ Yl Y. Zy.

{ Z
X 323 uz:

Finally,

13
such that Z? is parallel Z.

the second system is rotated through an
angle = about the Z, sxis to the position

X3//X: ¥q /82 Zg :‘LZ2 //z Hence

L (4,10
A (d,x)
=4 (Z,.2)

2

»

o

the
the

The values of these angles depend on
direction of the vectors slong
different lines. -
The direction ratios of Z is the
the normsl to I, hence

same as

-

Z

A: B C (225

(

o~ S
Those of d are perpendicular to z and Y :

>
Z

- -
d = Y x ¢ C 0 A (23

ZZ is slso perpendicular to both Y and d,

then

g

Z 0 (V) (24)
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Let the direction ratios of the x-sxis
relative to the spsce system be
¥ = (= b e ) (253

which sre unknown til;_now. This wvector
iz perpendicular to =2 anda_subtends an
sngle = iy with the vecltor ¥ slong B8
given by

T o= ((Ko-X0) : (Yo-Y0) ¢ (Zo-Z0y) (28)

VoE lagmRy st LTty bghy’t
The two eqﬁations

-t - o i

x . v =[x} .|v] cos oy (273
and z . x = O (28)
can be solved simultaneously for a b .

which can

They vield s gqguadratic equation,
be easily solved.

Finaily, the rotation angles can be
calculated as follows
- .
cog ¢ = d X = -t (29>
—
{d} . 1X]| A2 + BZ
-
.
=z -4 2%+ c?
CO8 W T —— - = (30}
fel 12l Y p2,02 7 22402
and
- —
cos ® = $? . %* - al - cA (31)
|d} | x| 24 a2+b2+cz ¥ A2+C2
EVALUATION OF THE ACCURACY
The developed wmethod has been verified
using both = mathemsticsl wmeodel =and =
practical spproach. A mathemstical
simalation of a photogrsph of an object




30 points with six
control points has been done. The interior
and exterior orientation parsmeters for
both left snd right photos were sassumed.
the geometrical dimensions were
length (B} 5.00 m, sand the object

distance (H) 10.00 m. Random errors were
sdded to each photo coordinste (0 fto +

0.05 mm) to simulate the messuring errors
and resndom imsge deformations (e.g. lens
distortion, film deformation,...etc. ).
Table (1) shows the standard deviation for
object (check points) space coordinates
(in cm).

{(model) consists of

Hon-metric

SREE

L1270
L1103
.48786

L5252

Metric
CESE

L1835
L1115
.3983
4440

Stand.
dev.

P~
o
o

o

N
QO OD

=4
Xy &E

Table (1}

A practical st was csrried out by
Ebrahim (1882 using @& phototheodolite
18/1318 metric csmera. The control field
consisted of 50 check points, among which
3 control points were chosen. The objsct
distance wass taken as H- 10.00 m. Imsge
coordinates were taken for 15 stereopsirs
of photographs using Zeiss Jens
stereocomparator 1818 in the
photogrammetric Lab. in Assiut University.
The standard deviation for the object
space coordinstes were determined using
the proposed method. The results were
compared with those calculated by the
collinearity method as s standard method.
Table (2) shows sn example of the results
of the standard devistion for check and
control points (in cm) using both the
developed method and the collinesrity
method.

te
)

Chech points Control points

Collin.

0.058
0.071
0.183
0.214

Stand.
dev.

Collin.

.047
L0506
.232

.242

New

0.00017
0.00018
0.00060
0.00065

New

. 057
L0861
.166
.185

fag

e
o

QOO
SOOO

Table (2}

the base
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CONCLUSION
The developed method described here has
proved asn incresse in the sccurazcy of the

orientation parasmeters for both metric and

non-metric camerss, which affected
directly the ACCUYBCY of the
calculated space coordinates for both
check and control points. This incresse in

sccuracy may be referred to the reduction

in the number of the unknowns in the

equations of the developed method when

compared to the collinesrity method, (8

unknowns instead of 9 in the case of

non-metric camersas, and 5 unknowns instesd

of 8 in the case of metric camerss)y. This

mesns that the number of iterations sand

conseguently the compuliing time is

reduced.
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