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Abstract

A method of analytical elaboration of terrestrial photographs
has been presented. The derivation and the final form of the for-
mulas Dbased on a solutiocn to the parametric forward spatial
intersection have been given., The process of formation of a non-
linear set of conditioned equations with unknowns has been pre
sented., Unknown are only adjustments to approximated elements of
the outer and inner orientations of the photographs. The adjusted

magnitudes are image cosrd;aah s as direct observations or conm
puted on the basis of parallaxes, The coordinates of al points

in the geodetic syst em are computed by solving
gpatial intersections after adjusting the e

of the photographs a;d the csord’na es of the image points, e
advantages of the method are a simple alg ithm,sets of equations
with a relatively small number of unknowns and the ease of pro-

gramming on a small computer,

The paper presents a method of analvtical
N

elaboration of terreg
strial photographs arbitrarily oriented in space and taken with
any cameras, Derivation and the final form of formulas for the
photographs have been given, The formulas were based on equations
of intersecting straight lines in a Pa?&ﬂ%?fle form. For any or
ientations may be determined by means of alytical adjustment.
The adjusted magnl*uaes are image Ccoo0 d;naues as direct observa=-
tions or computed on the basis of ;arallaxes adjusted on account
of the influence of systematic factors, The process of formation
of a non~linear observational set of conditioned equations with
unkmowns has been presented. In the set the unkmowns are only the
orientation elements of the photographs. Coordinates of all points
in a geodetic system are computed by solving parametric forward
spatial intersections after adjusting the orientation elements of
the photographs and the coordinates of image points,

A measurable advantage of the method is the relatively small
number of unknowns which appears in the set of observational equa
tionss A simple algorithm makes it possible to make the computa
tions on small computers,
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.26 Parametric solution to a;forward spatial intersgection
g

The formulas presented below are based on the assumption of
simple equations in a parametric form. We prove that this treat-
ment accepts each case of geometrical intersection obviously with
the exception of cases when the straight 1lines are parallel or
overlapping each other, since then an intersection does not exist.
On the other hand, when the straight lines are skew and the value
of the shortest distance between them is sufficiently close to
zero and results from measuring errors in geometrical elements
then the intersection is determinable, The accuracy of determi-
nation of a point’s coordinates depénds on the angle of intersec-
tion of the straight lines in space.

Let us write the parametric formulas of straight lines origi
nating form points Oi’ Oj making +the Dbasis of intersection

(Fig:’1). The points have their definite coordinates in the geo=-
detic system X., Y., Zi’ Kj, Yj, Zj « It is necessary to determi-

ne the coordinates of point Xk’ X? Zk having the following measu

red data: horizontal angles (y )» vertical angles (w;,, wjk)'

, jk? Jix |
and measured by means of levels inclination angles of the instru=-
ment' s axis of rotatlon(%lk, Ha ) at the statioms,

The equatlons of the straight lines have the form

= P, - X is .
Xk X + le ik , Kk Aj + qjk ik
Y. = R.. - = R, -
T, Yi * Ry bi}{ Yk 'rj + Rjk bjk (1)
Zk = Zi + le ix Zk = Zj + Rjk‘cjk
13 3 4 L3 ral s Ty e I3 .-1
where: 8l bik’ Cy aTe direction cosines of straight line i-k
expressed as functions of measured angles (Wik’/xik’ wik)’
- N l- » el I‘ 3 h I3 o‘i
ajk’ bjk’ cjk are direction cosines of straight line J=k

expressed as functions of measured angles {qjk, Kjk"°*k>’
J
Rik is parameter denoting unknown spatial distance between
points i-k,

Rjk is parameter denoting unknown spatial distance between

points Jj-k.
If we compare the right sides of equations (1) we get a set of
three equations with two unknown parameters Rik’ Rjk:
i %4 T Rjk'ajk + <Xi - xj >= 0




Figure 1.
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R,, b., =R, b, + (¥, =7.)=0 (2)
ik ik jk ik i J
R,,-c,, =R, c, + (2, =-2,)=0
ik "ik ik ik i 3
Thus, the resulting set of equations is overdetermined and thus
instead of zeros we assing adjustments to the right sides of the
equations and apply the condition of least squares.
3
< ‘
2 Si=mln . (3)
i=1
-Hence we get normal equations
+R -R..C0S = = I,
ik jx ¥ ik y
(4)
~3 ., +COS +R = + 1,
ik i ik ik
where: - 1s intersection angle of siraight lines in space,
cosy =a,, -a,, '+ D .-b. + C. cC.,
ik ik ik “jk ik Tjk
T [~ 5 3 < < [ v [ =
Lo,o=a (X, ~X. )+ b, (Y, ~Y. )+ c, (2, -2.) (5)
ik ik V1 13> Tik VUi 3) i V%% 3/ '
= (¥ =% ) + 1 (v -7 ) (7 - 7
= Bt Ey TR ) ol = Ty ) e (7 = 2y
Having solved them we get:
1) formulas for determination of parameters T et Rj,
7 el £
L., cosy =1
_ _dk £ ik
ik
1 = cos ¥
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N ik Tikx ik Tik’
Y. = (Y, + R,, -b,. + R.. Db ) 2 8)
Xk i Uik Uik jk ik ! / : (8)
2, = \Z, + R...c., + R..c. 2
k ( i ik Tik ik k) /

3. Geometrical dependencies of a pair of photographs

Let us take into consideration a pair of photographs taken
form two different stations O0,, O, with known elements of inter~
ior and exterior orientation —defined in the fo 1loving way (Fig, 2)

X, I, 2 - system of geodetic coordinates, This is a aextrorOué
tory system,

X, ¥, 2 - coordinate system of a photograph (axis y is idEﬁul*
cal with the camera’s axis which is defined as a line crossing
the main point and the centre of §rsjsctions}a This is a 1aevc-
rotatory system,

Axis of nodes -~ this is a trace of intersection of X0Y plane
of the geodetic system by z0y plane crossing the photograph’s
axis and the camera’s axis;

¥ - turn angle of camera axis contained between node axis and
positive sense of axis 0OX of geodetic gsystem, Turn around 07 axis

0 < v < 27m)
= inclination angle of Ox axis of the
vlane of the geodetic system. Turn ar
(The angle u isually assumes values close 1o
2

o > 1
of error of levelling of the camera)
i § + 4 o £ = S d b 4 3 e
@ = inclination angle of camera is contained Dbetween node
5 / - 3 iTh - 3 D, ’sr‘-"- - ) )
axis and camera axis (Oy axis), Turn around Ox axis, (0 € w < 27)
4 1 [z -~ N m 1 3 + + - - N .
Point K (Fig.2) has been us“talnes in the photographs, Making
3 -~ 2 - -
use of dependencies occurring in a single photograph Ybetween the
3 EN - 3 ~ 3 o oy e
image coordinates and the horizontal and vertical angles we get:
» N
[x ) / z . \
ik [ ik ‘
®,, = arc ig | / 3., = arc tg , = |
ik A Mik - S .2 2
a1 A WL, + K., /’
voNT ik /4
/
)
Y I
- 5 7 L \ :
/X-:u i { Z-;zi \
! | 7
Fapa e | 2 = o | e
*x % = arc g T | O4, = &TC TE S 2
Js LTI BR.S I N P |
e \ ViAo + K.,
Y RO
- ™ LY A a2 - + . -
where: River Bipos gjby Zz.,. ~ reduced image coordinates computed
¥ .. o J i
from the formula
from the formulas
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Having set dependencies (13) into formulas (8) , the latter
will become basic formulas. Formulas (8) are general and may be
used for determination of geodetic coordinates of points of any
case of terrestrial photographs arbitrarily oriented in space.

4, Algorithmic-numerical solution to the problem

We shall now formulate conditions for points which are found at
least in two photographs and points situated in a single photo-
graph but with three known geodetic coordinates, For k-th point
photographed in ry, photos we can formulate 3/2-r :(r, =~ 1) condi-

. . . k Tk
tioned equations with unknowns in the form

Rik~aik ~1Rjk<ajk + (xi - Xj) =0 |

0 | (14)

<
i
l’*f:
Lo
i

Rir Pie = By Py !
R Cin -‘Rjk'cjk + (2, -2.)=0
.4 R., = calculated form formula (6).
ik” ik R

Besides, for a point with known geodetic coordinates (s, = 1,2,
3 ) we shall get 8 Ty additional conditioned equations with  un=-
knowns of the type

where: R

4 S
Ry * (% =% l=0 :
. - = 451
Ry Dipe * (Yi fk) 0 (15)
. —\::
RypCyp * (zi zkf 0
where Rik is determined from equation
- 2 2 2 \
R, =\J(gk -x )% (g, - 1)% 4 (2, -2 16)

¥ = point indicator,
i,J = indicators of photographs,.

Thus, for a single point photographed in r, _ photos with known

geodetic coordinates <Sk =0, 1, 2, 3) we can jointly write
Wy = 5/2-rk‘(rk - 1) + 5 Ty (17)

of conditioned equations with unknowns expressing dependencies
between observations with unknown adjustments to approximated ori
‘entation elements of photographs,
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E‘ ’ ’i. , AZ.)A1 L ]
ik ik Jk
Upon set (22) we impose the condition
AT- PA = min : (24)
‘Because of the form of formulas (14) and (15) generalized in(29)
both observation equations and the set of normal eguations obtai
ned form (24) have a non-linear form. In order to solve the set
we will use one of the algorithms of the least square method
Gauss-Newton's algorithm.,

T

-‘
< YZ( ( . ( . ) )

- (& P a8 plBE g
where: s - cycle indicators s = Oy 15 2, o o o
7 = vector of unknown orientation elements of the photo-

graphs, _ -
A Uy ~ matrix of vector partial derivatives, 4 (7) af _JF (o)
(W

P(w w) welght matrix determined with (23) taken into conside

ration, with given observation vector covariant matrix of image
coordinates its form will be presented below,
A, - rest vector,
(wy1) . .
T -~ symbol of transposition.

We shall now define the form of the weight matrix (Xadaj R.,
Rychlewski G, 1982), For the whole block, between the vector of
corrections V and the vector of rests A the following dependence
obtains

-N =C-V (26)

where:C = matrix of partial derivatives of function F. . versus
image coordinates, 4%

Let us group the components of vector V for the particular
network points and arrange the groups according to the succession
of the points. By analogy to (26) there is a dependence between
true errors EL £ replacing vectors A, V , Hence we can vpresent

the dependence beuween the covariant matrixes,

T T .7
= f + ) £ L
. o f 2 .
Setting this to I wié = u - I, where I -~ unit metrix, o -
mean error of a typical observation we get:
oo (e, el -1 RPN BNl .
P = &bLEA EAT ) » const = (C-C ) —% -const
/ AL
. N 2
or, assuming const = ¢
7,7 /
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As we can notice, in the investigated system, matrix (C- 1as an

glmost diagonal form.To each network point corresponds =z

block measuring (w, xw, ), on the main diagonal, w, = number of con
k 'k K

3

ditions with k~th point., Thus, it is an easily invertible matrix
and it does not require a large area of the computer s memory.
The particular diagonal Dblocks may be riewesd separately, ie, with
a respective group of observation eguations referring to a given
point, Because of a non-linear character of observation eguations
we use an iterative procedure to solve them. In an iterative pro-
cess(8 = 0,1,2,.,q)we form linearized observation equations for
each order group of points(k = 1, 2,.,.. ) , m and then we impose
condition ) on the whole system., We solve the set of normal
equations by determining the increase in and successive prroxi
mations of +the vector of unknowns (25), If the norm of the

?
ed
(24

vector fulfils the condition lSpll>¢ (where & - numerical accuracy)
then we realize the next iterative cycle s = s + 1, otherwise the

terative process comes to an end, @he subsegquent final computa-
tions are performed in the followd :

o

- determination of rest vector
- computation c¢f corrections to measured image coordinates from
the systen

+

i
jri\i{\s}- C{S\'*‘i?
|
{ V-V = min
or from the dependence:
's‘T [~ (8) {S\T \—1 A (S) ,
V=0c'® (gt VAR (28)
A 7 :
N {E 7 T ‘_1
It is easy to notice that matrix C™ (C-C7 ) contains indepen-
dent non-zero blocks measuring (2r xw, ),k = 1,2 4500,0) which
.multiplied by a respective cubvac,o“ “of vector A°) give a sub=
vector of the correction vector corresponding to k-th point of
the network, Thus, computation of corrections is not a problem
of solving a large system but in fact it is realized indepen=
dently for each subset of image coordinates corresponding to
k-ui proint of the network,
- geodetic coordinates of network points are computed fraom (8)
aftﬁr adjusting image coordinates,
- mean errors of coordinates are determined as funcitions of un~
knowns of orientation elements of photographs.
In the last place, in order +o complete the algorithmical~
numerical ©procedure a simplified ©block scheme of the presented
(Fig.3)

method has been
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Aead zeneral data of olock of photozranns
= fon ) oy

=N IR AR us lataiia :
ox ’\J\J;ti_L"BAJ.J v.u" IS

1

“ead particular data of successive photo-
Zrapihs or stereograms

Z?Read geodetic data ;7

dake observation equaiions for vhoto-
grammetric and geodetic data

¥
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