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ABSTRACT
Manual cartographic generalisation is a holistic process. However, most automatic approaches so far have been
sequential; generalisation operators are applied one at a time in a given order. This has been the case both for model
generalisation (generalisation of the conceptual model) and the fine-tuning phase (generalisation of the graphics). Our
research seeks to demonstrate that fine-tuning phase of cartographic generalisation can be formulated as an optimisation
problem and accordingly be solved in a single step. The paper proposes solutions to the two main problems in defining
generalisation as an optimisation problem. Firstly, a set of appropriate analytical constraints for the generalisation
process is given. In our approach, we are limited to formulating these constraints on point locations. Secondly, the least
squares method is proposed to find the optimal solution. To solve the sparse normal equations we use the conjugategradient method. A prototype system for simultaneous generalisation has been written in C++. This prototype system
communicates with a commercial map production system (LAMPS2 from Laser-Scan). The article concludes with some
preliminary test results.

1 INTRODUCTION
Cartographic generalisation is the process of representing cartographic data in smaller scale. Even though automatic
cartographic generalisation has been on the research agenda for three decades, most generalisation is still performed
manually.
Cartographic generalisation has been divided into about ten operators (Shea and McMaster 1989, Robinson et al. 1995).
During recent decades much research has been devoted to finding algorithms for these operators, and most of this effort
has been devoted to line simplification (see for example Douglas and Peucker 1973, Plazanet et al. 1995, Wang and
Müller 1998). This approach has presupposed a sequential approach to the generalisation process, both to model
generalisation (generalisation of the conceptual model) and to fine-tuning (generalisation of the graphics).
Most cartographers are not aware of dividing the process into different operators (Mackaness 1991; Keates 1996),
which calls for an optimisation rather than sequential approach to cartographic generalisation. Such approaches have
been proposed for parts of the generalisation process, most notably for displacement (Burghardt and Meier 1997,
Højholt 1998, Harrie 1999). Other techniques than optimisation have been proposed to overcome the problem of
competing goals of the operators in the sequential approaches, for example the agent technique (Baeijs et al. 1996;
Lamy et al. 1999).
This paper deals with an optimisation approach to the fine-tuning phase of cartographic generalisation. The approach is
based on least squares adjustment. This is a standard method in geodesy (see e.g. Vanicek and Krakiwsky 1986) and
photogrammetry (see e.g. Zhizhuo 1990), but it is not common in cartography.
There are several requirements that have to be fulfilled in the fine-tuning phase. Our approach is to formulate those
requirements as constraints on point movements. These constraints are then treated as observations in the least squares
adjustment. If an ordinary vector data set is generalised, the normal equations will be extensive. To solve the large,
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sparse normal equations, we have used the conjugate-gradient method (along the line proposed by Sarjakoski and
Kilpeläinen 1999).
We have written a prototype of simultaneous generalisation in C++. This prototype system communicates with a
commercial map production system (LAMPS2 from Laser-Scan), which enables testing in a suitable environment.
The second section of the article describes the constraints, both their aims and how they are defined analytically. The
next section deals with the conjugate-gradient method. Some preliminary results are given in the fourth section. The
article concludes with some concluding remarks and suggestions for future work.
2 DEFINITION OF CONSTRAINTS
The section begins with motivating the different constraints by denoting which requirements they aim at fulfilling. Then
some comments are given about when the different constraints should be applied. The rest of the section deals with the
analytical formulation of the constraints. Firstly, a general formulation is given, and then three of the constraints are
described in more detail.

2.1 Description of the different types of constraints
There are several requirements that have to be fulfilled in the fine-tuning phase of cartographic generalisation. These
requirements can be divided into two main groups: changing and preserving. The changing requirements seek to make
the cartographic data more readable, while the preserving requirements strive to retain the characteristics of the data.
2.1.1 Changing requirements
Several researchers have defined which operators belong to either model generalisation or fine-tuning (see e.g.
Kilpeläinen 1997). In this paper we consider fine-tuning to consist basically of the operators simplification, smoothing,
exaggeration and displacement (as defined in Shea and McMaster 1989).
Simplification is selecting a subset of the original points, retaining those that are considered most representative.
Smoothing is the process of relocating points to smooth away small perturbations and reduce sharp angularities. Some
features might be too small for the intended map scale, and must therefore be exaggerated. This is performed by the
exaggeration operator. The displacement operator seeks to solve the spatial conflict between cartographic objects that
are too close.
In our approach we have used five constraints to fulfil the changing requirements:
1) Smoothing constraints – The aim is to make lines less angular. The constraints are applied on line objects.
2) Exaggeration constraints – These constraints enlarge some bends (depending on the properties of the bends) of line
objects.
3) Spatial conflict constraints – Try to solve spatial conflicts between objects.
4) Collinear constraints – The aim is to remove bends and replace them with a straight line.
5) Compress constraints – Make line segments shorter. This type of constraint is applied if and only if collinear
constraints are defined.
2.1.2 Preserving requirements
We have defined six constraints for preserving the cartographic data:
1) Movement constraints – The aim is to keep the objects in their original locations.
2) Movement direction constraints – These constraints allow points in line objects to move along the lines, but not in
other directions.
3) Stiffness constraints – These constraints seek to preserve the internal geometry of objects.
4) Curvature constraints – Aim at maintaining the angularity of lines.
5) Segment length constraints – These constraints aim at maintaining the length of line segments.
6) Crossing constraints – Aim at preserving the angle between connected line objects.
2.2 When to apply the different constraints
One major question, of course, is when these constraints should be applied. In our tests so far we have grouped the
cartographic objects into different generalisation categories. For example, one category is normal line objects, a
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category that contains objects like major and minor roads, streams etc. On objects in this category we define all the
constraints above, apart from the stiffness constraints. The bends of the line object to which exaggeration constraints
should be applied, for example, is determined using threshold values on bend properties (cf. Figure 2). However,
specifying when the constraints should be applied – and the importance of each constraint – is a difficult challenge;
more practical experience is required to identify suitable rules.
2.3 General expressions for the constraints
One key issue is to find analytical expressions that model the changing and preserving requirements. In our approach,
the generalisation process will not change the number of points, which implies that the constraints are formulated on
point locations:

f k (x1 ,y1 ,x2 ,y2 ,...,xn ,yn ) = constantk

(1)

where

xi , yi
fk
n

the coordinates of the points that build up the objects,
constraint number k, and
total number of points.

Below we will describe how the smoothing, exaggeration and spatial conflict constraints are defined. (The other
constraints are defined similarly.)
2.4 Smoothing constraints
The method is defined on a link-node data structure. The basic rules of such a data structure are that each link has
exactly one start and one end node; that links may meet, but not intersect; and that each node must be either the start or
end node of at least one link.
2.4.1 Linear expression for smoothing constraint
The smoothing constraints are defined for each point i (apart from the end points) in a link that should be smoothed in
the following manner:
¶f smoothing
¶xi−1
+

where
fsmoothing
∆xi , ∆yi
x
const

⋅ ∆xi −1 +
x

∂f smoothing
¶yi+1

¶f smoothing

⋅ ∆ yi+1 +
x

¶yi −1

⋅ ∆yi −1 +
x

¶f smoothing
¶xi + 2

¶f smoothing

⋅ ∆ xi+ 2 +
x

¶xi

⋅ ∆xi +
x

¶f smoothing
¶yi+ 2

¶f smoothing
¶y i

⋅ ∆y i +
x

¶f smoothing
¶xi+1

⋅ ∆xi +1 +
x

⋅ ∆y i+ 2 = (−const) ⋅ f smoothing(x)
x

the change of direction (equal to b-a in Figure 1),
movement of point i,
vector containing the original coordinates, and
positive constant.

That is, the constraints strive to make all the direction changes as small as possible.

a
i+1

b

i
i-1

i+2

Figure 1. Change of directions of line segments used in smoothing constraint.
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2.5 Exaggeration constraints
The lines are generalised based on analyses of bends (an idea borrowed from Plazanet et al. 1995; Lecordix et al. 1997;
Wang and Muller 1998). Bends are defined by studying the inflection points of the line. An inflection point is a point
where the second derivative of the line changes sign (see Figure 2). In our work we have defined a bend as starting at a
point before an inflection point and ending at the next inflection point (see Figure 2). This definition implies that bends
partly overlap.
Bends have different characteristics and should be treated differently in the generalisation process. We have used three
properties to characterise a bend: base, height and length (see Figure 2). The base is the Euclidean distance between the
start and end point of the bend; the height is the distance between the baseline and the point furthest away; and the
length is the distance between the start and end point along the line. Depending on the values of these three properties ,
different types of constraints are set up for the constraints. For example, if the base is short and the height is of medium
size, the bend should be exaggerated, i.e. exaggeration constraints are set up.

Height

a

Base

b
Figure 2. The inflection points are marked with circles, and the bend starts in point a and ends in point b. When the
bend is enlarged, the inner points of the bends are moved in the direction of the arrows.

2.5.1 Linear expression for exaggeration constraints
For each point of a bend (apart from the end points) that is to be exaggerated set up the constraint:
¶f exaggeration
¶xi

where
fexaggeration
const

⋅ ∆xi +
x

¶f exaggerati on
¶yi

⋅ ∆yi = const ⋅ f exaggerati on

(3)

x

the area function of a polygon (area between the base vector and the line; see e.g. Worboys 1995), and
a positive constant.

2.6 Spatial conflict constraints
The spatial conflict constraints are defined between objects, i.e. we need a spatial data structure that stores information
about the spatial relationship between objects. One such data structure frequently used in cartographic generalisation is
Delauney triangulation (Bundy et al. 1995; Ruas 1995; Højholt 1998).
2.6.1 Constrained Delauney triangulation and spatial conflicts
Three points constitute a Delauney triangle if and only if the circle through the points contains no other point (see e.g.
de Berg et al. 1997). Since we are merely interested in the relationship between objects rather than the relationship
between points, we use constrained Delauney triangulation. In this triangulation some edges (in our application: line
segments of cartographic objects) are forced to belong to the triangulation.
In the next step we need to define which spatial conflict constraints should be set up using the constrained Delauney
triangulation. One possibility would of course be to set up a constraint for each edge in the triangulation, but we have
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preferred to set up a constraint for the shortest distance between neighbouring objects. This distance is not necessarily
along an edge in the triangulation, but still the constrained Delauney triangulation is a computationally fast way to find

neighbouring objects.
Figure 3. Constrained Delauney triangulation. The input data is a point set (seven points)
and a line segment set (three thick lines).
2.6.2 Linear expression for spatial conflict constraint
As mentioned above, a spatial conflict is set up between the shortest distance between objects. This can be either
between two points or between one point and a line segment (see Harrie 1999 for details). In equation (4) we give the
constraint for a spatial conflict between a point (i) and a segment (with the endpoints j and j+1):
¶f distance
¶f
¶f
¶f
⋅ ∆xi + distance ⋅ ∆yi + distance ⋅ ∆x j + distance ⋅ ∆y j +
¶xi x
¶yi x
¶x j
¶y j
x

x

(4)

¶f
¶f
+ distance ⋅ ∆ x j +1 + distance ⋅ ∆y j +1 = distance_v alue
¶x j +1
¶y j +1
x

x

where
equals the shortest distance between a point and a line segment (see for example Worboys 1995), and
fdistance
distance_value equal to the desired increase in distance between the objects.
3 CONJUGATE GRADIENT METHOD FOR SOLVING LARGE, SPARSE EQUATION SYSTEMS
3.1 Least squares method
All the constraints are formulated as linear equation of point movements (see equations 2-4). Since the number of
constraints exceeds the number of points we get an over-determined linear equation system of the form:

Ax = l + v
where
A
x
l
v

(5)

design matrix,
vector containing the unknown point movements,
observation vector (containing the right-hand side of equations 2-4), and
residual vector.

To solve the equation system we employ the least-squares method where the solution of the normal equation system is
given as:

Nx = u .

(6)

where
N = A t WA , and
u = A t Wl .
All constraints are considered uncorrelated, which gives a diagonal weighting matrix (W) where values of the weighting
matrix are functions of user-set attributes.
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3.2 Conjugate gradient method
The conjugate-gradient method (CGM) is one of the iterative methods that have been developed for solving systems of
linear equations. Its special characteristics are that it is suitable for positive-definite matrices (a property of N), and also
that it actually produces an algebraically exact solution in n iterations, where n is the number of unknowns (see e.g.
Bazarra et al. 1993). However, in practice the iteration is terminated much earlier when a desired accuracy has been
reached.
A central entity in the CGM is the discrepancy vector (ri ):
ri = u − Nx i

(7)

which functions as a measure of the numerical accuracy of the solution. The iteration will be started with xo =0, thus
ro =u. Then a line search is performed along a search direction (pi; see equations 8a,b). The first line search is along the
discrepancy vector (po =r o ). The last two steps compute a new search direction (8d,e). The iteration is usually terminated
when the Euclidean norm of the residual vector is below a predefined threshold value. More precisely, the iteration
cycle is:

a=

rit ri
t
pi Np i

(8a)

x i+1 = xi + api

(8b)

ri+1 = ri − aNp i

(8c)

b=

ri+1t ri+1
t
ri ri

(8d)

pi +1 = ri+1 + bpi .

(8e)

From the point of implementation it is essential that the coefficient matrix of the normal equation system (N) be
accessed only in the computation of the matrix-vector product Npi . This product can be reformulated as:
Np i = A (WApi )

Np i = (A t W 2 )(W 2Ap i )
1

t

or

1

(9)

which shows that instead of using N we can use the original design and weight matrices, A and W. This leads to
straightforward implementations when the sparsity of the design matrix is utilised (Haljala 1974; Sarjakoski 1982).
In many practical situations the convergence of the CGM can be improved considerably by scaling the normal equation
matrix N into one having unit diagonal elements (Haljala 1974). This can be realised by defining a diagonal scaling
matrix:
Q = diag(N ) ,

(10)

and by inserting it into the original linear equation system:

A 'x' = l + v ,
where

(11)

A′ = Q 2 A , and
−1

x ′ = Q 2x .
1

This yields a scaled normal equation system that fulfils the criterion of having units on the diagonal:

N ′x ′ = u ′

(12)

where
N ′ = A′ t WA′ = Q 2A t WAQ

= Q 2NQ 2,
1
1
u ′ = A′t Wl = Q − 2A t Wl = Q − 2 u , and
−1

−1

−1

−1

2

x ′ = Q 2 x.
1
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For implementation purposes it is often desirable to avoid the prescaling of the equation systems and instead carry out
the scaling in real time during the iteration (for details, see Sarjakoski 1982).
CGM has several characteristics that make it to be a strong candidate to be used as a tool for solving the linear equation
systems related to least squares adjustment for cartographic generalisation. From the implementation point of view, it is
rather simple to program and also well suited for sparse equation systems. The convergence of the iteration process is
also very rapid in cases when the equation system is well-conditioned.
4. PRELIMINARY RESULT
Ideally, the method should be integrated in a map production system. Due to implementation details we have made a
C++ implementation that communicates with LAMPS2 (see Laser-Scan 2000; Hardy 1998) via ASCII-files.
Furthermore, the constraint Delauney triangulation is computed by a module written by Jonathan Richard Shewchuk,
Pittsburgh PA, USA (Shewchuk 1996, 1997).
So far we have only used the program for minor studies on a few objects. As shown in Figures 4 and 5, the spatial
conflicts are nicely solved by the method, but the line generalisation is problematic.

Figure 4. Cartographic data consisting of a shoreline and some houses (point objects). Before generalisation.

Figure 5. After generalisation.

4 FURTHER WORK AND CONCLUSION
In this paper only a preliminary test is presented. Our aim is, in the near future, to perform more realistic case studies.
These case studies will probably also lead to reformulation of some of the constraints. However, we are convinced that
the concept described in this paper is a promising approach to simultaneous cartographic generalisation, and that this
kind of method is required to avoid the inherent problems of the sequential approach.
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