
 1

Analysis of Topological Relations between Fuzzy Regions in a 
General Fuzzy Topological Space 

Xinming Tang1, Wolfgang Kainz2 

International Institute for Geo-Information Science and Earth Observation (ITC), P.O. Box 6, 7500 AA 
Enschede, The Netherlands, Tang@itc.nl1 
Cartography and Geoinformation, Department of Geography and Regional Research,  University of 
Vienna, Universitätsstrasse 7,A-1010 Vienna, Austria, w.kainz@univie.ac.at2 

Abstract 

Topological relations are one of the most fundamental properties between spatial objects. The 
topological relations between crisp spatial objects have been well identified. However how to formalise 
the topological relations between fuzzy regions needs more investigation. The paper starts from 
introduction of boundaries defined in the fuzzy topological space. By use of a definition formally 
equivalent with the boundary of a crisp set in the crisp topological space, several novel notations of the 
fuzzy topological space are proposed. These notations are then proved to be topological properties. In 
order to investigate the topological relations, a 9-intersection matrix and a 4*4 intersection matrix are 
formalized based on different topological parts of two fuzzy sets. For the identification of the topological 
relations between two fuzzy spatial objects, a simple fuzzy region is defined topologically. By use of the 
9-intersection matrix, 44 relations are identified. These relations can be further decomposed by use of the 
4*4 intersection matrix.  Since the analysis is based on the general fuzzy topological space, the results 
will be more applicable for GIS modelling.  

1 Introduction 

A topological relation is a relation that is invariant under homeomorphisms. Topological relations have 
an important significance in GIS modelling since they are the basis for spatial modelling, spatial query, 
analysis and reasoning. How to identify the topological relations between spatial objects is a critical point 
in GIS modelling. 

During recent years, topological relations have been much investigated in the crisp topological space. 
White (1980) introduced the algebraic topological models for spatial objects. Allen (1983) identified 
thirteen topological relations between two temporal intervals. The famous 4-intersection approach 
(Egenhofer 1989, Egenhofer and Franzosa 1991) and the 9-intersection approach (Egenhofer and 
Herring 1990) were proposed for formalism of topological relations between two simple regions, which 
are defined in the crisp topological space. These approaches were then extended in different ways and 
different applications (Egenhofer et al 1994a, Egenhofer and Franzosa 1994, Herring 1991, Chen et al 
2000, 2001). Most of these theoretical findings were applied in the commercial GIS software such as 
maintaining of topological consistency (Egenhofer and Sharma 1993, Egenhofer et al 1994b, Kainz 
1995, Van Oosterom 1997) and spatial reasoning (Dutta 1991, Al-Taha 1992, Egenhofer 1994).  

There are several other ways that can also be used for the identification of topological relations. Kainz 
et al (1993) investigated some of the topological relations based on poset and lattice theory. They pointed 
out that the poset and lattice can be also used for the GIS modelling which can reduce the complexity of 
some queries. The topological relations were also deduced based on logic (Randell et al 1992). Eight 
relations were identified based on their RCC theory. It is also feasible for their theory to be adopted for 
spatial reasoning (Cohn et al 1997, Bennett et al 1997, Bennett and Cohn 1999).  

More recently the topological relations have been extended into fuzzy domains since the spatial 
features are not always crisp. Fisher (1996) provided a good example of fuzzy object by land cover 
classification from satellite images. Fuzzy objects should be accommodated into the conventional GIS 
models. Schneider (1999) worked on definitions of fuzzy spatial concepts such as fuzzy point, fuzzy line 
and fuzzy region. Cheng et al. (1997, 2001) modelled the processes of forming fuzzy objects by taking 
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coastal zones as example. Molenaar (1996, 1998) extended the formal model into fuzzy domain and 
discussed topological relations. Clementini and Di Felice (1996, 1997) utilised the 9-intersection for the 
identification of fuzzy relations by introduction of a broad boundary algebraically. Based on the RCC 
theory, the egg-yolk model was proposed and 46 relations are identified for two fuzzy regions (Cohn and 
Gotts 1996). Zhan (1997) discussed the topological relations based on �-cut levels of fuzzy regions.  
Winter (2000) gave us an example how to calculate uncertainty of topological relations between two 
imprecise fuzzy regions.  

The two models (Clementini and Di Felice 1996, and Cohn and Gotts 1996), among these researches, 
describe the topological relations between two fuzzy regions intensively. The Egg-yolk model, 
introduced by Cohn and Gotts (1996), are based on RCC (Region connection calculus) theory (Randell et 
al 1992). Eight base relations can be defined where one and only one will hold between a given pair of 
regions. The Egg-yolk model is an extension of RCC theory into the fuzzy domain. The egg is the 
maximal extent of a vague region and the yolk is its minimal extent, while the white is the area of 
indeterminacy. 46 relations are identified based on the so-called limits on the possible ‘complete 
crispings’ or precise versions of a vague region. Any acceptable complete crisping must lie between the 
inner and outer limits of defined yolk and egg. 

Clementini and Di Felice (1996) proposed an algebraic model for topological relations between fuzzy 
objects, based on the 9-intersection approach. A region with a broad boundary is made up of two simple 
regions. The broad boundary is defined by a closed connected subset of R2 with a hole. By use of the 
9-intersection approach, 44 different relations are identified.   

By comparison of the egg-yolk model with the algebraic model, it can be found that two relations, 
which appear in the egg-yolk model, are missing in the algebraic model.  On the other hand, some 
relations in the algebraic model cannot be identified by the Egg-yolk model. Fundamentally the algebraic 
model, which is based on geometric, discusses the topological relations in the crisp topological space. In 
such a space, every subset should be crisp. Therefore, the broad boundary can be regarded as a closed set 
in the crisp topological space, which is projected from a fuzzy set.  

Another way to interpret the topological relations between two fuzzy regions is to put them in the 
fuzzy topological space, the extension of the crisp topological space, since the fuzzy topological space 
can accommodate fuzzy sets naturally. Tang and Kainz (2001) investigated the topological relations 
between two fuzzy regions in a special fuzzy topological space. In their defined fuzzy topological space, 
the boundary of a fuzzy region can be decomposed into the boundary of the boundary and the interior of 
the boundary. 3*3, 4*4 and 5*5 intersection matrices between two fuzzy sets can be formalized. They 
verified that there are 44 relations in the crisp fuzzy topological space, and also identified 152 relations 
between two fuzzy regions based on the extended 4*4 intersection approach. 

This paper deals with the topological relations between fuzzy regions in a general fuzzy topological 
space. For the remainder of this paper, Section 2 introduces the notations of fuzzy boundary and 
discusses topology. Section 3 discusses the mutually disjoint conditions between the interior, boundary 
and the exterior in the fuzzy topological space.  Section 4 proposes some novel properties of a fuzzy 
topological space and formalizes a 9-intersection matrix and a 4*4 intersection matrix. Section 5 defines 
a simple fuzzy region topologically based on the simple crisp region in the crisp topological space. 
Section 6 identifies the topological relations between two simple fuzzy regions. Section 7 shows a 
method for the extension of topological relations by use of the 4*4 intersection matrix.  

2 Some notations of fuzzy topological space 

1.1 Fuzzy topology 

Fuzzy topology, as an extension of general (crisp) topology, has several definitions. The notations 
introduced here are based on the definition proposed by Chang (1968).  

Supposing A is a fuzzy subset of an ordinary set X, [0,1]X is the fuzzy power set of X. ��� [0,1]x, if 
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� is called a fuzzy topology on X (i�I is an index set).  (X, �) is called a fuzzy topological space for X. For 
simplicity, call it fts on X in short and denote it by (X, �) or simply, X. Call the crisp topological space on 
X cts on X for short, and denote it by (X, �). Every element in � is called an open set in (X, �). The 
complement Ac of an open subset A is called a closed set. Let A be a fuzzy set in (X, �), The union of all 
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the open sets contained in A is the interior of A, denoted by A�. A� is the largest open set contained in A. 
The intersection of all the closed sets containing A is called the closure of A, denoted by A�. A� is the 
smallest closed set containing A. The exterior of A is the complement of A� and denoted by Ae. Obviously 
Ae is an open set. 

For later discussions, some standard results about the fts are listed in Proposition 2.1 (refer to Liu and 
Luo 1997).  

 
Proposition 2.1  
1. oooooo )BA(BA,)BA(BA ������  

2. ������

������ )BA(BA,)BA(BA  

3. �

�� AAAo  
4. coccoc AA,AA ��

��  
A fuzzy set A is said to be regular open iff oAA �

� ; it is regular closed iff �

�
oAA . 

 
Proposition 2.2:  If A is regular closed, then A� is regular open. If A is regular open, then A� is regular 
closed. 
Proof:  If �

�
oAA , then ooooo A)A(A ��

�� .  If oAA �

� , then �����

��
oo A)A(A . 

 
Proposition 2.3: If A and B are regular open, then A�B is regular open.  
Proof: BABA)BA()BA()BA(BABA ooooooo

�������������
����� .  

2.2 Fuzzy point, neighbourhood, and quasi-neighbourhood 

A fuzzy set in X is called a fuzzy point iff it takes the value 0 for all y�X, except one, say x�X (Wong 
1974, Pu and Liu 1980). We denote the fuzzy point by x� (0���1), i.e., the value at x is �, and call the 
point x its support. The fuzzy point x� is contained in a fuzzy set A or belongs to A, denoted by x��A iff 
��A(x), where A(x) is the membership degree of x to A.   

A fuzzy set A in (X, �) is called a neighbourhood of fuzzy point x� iff there exists a B�� such that 
x��B�A. A fuzzy point x��A� iff x� has a neighbourhood contained in A. Obviously, a fuzzy point x��A� 
iff every neighbourhood of x� is not contained in A.  

A fuzzy point x� is called quasi-coincident with A denoted by Aq̂x
�

, iff �>Ac(x) or �+A(x)>1. Call 
fuzzy set A quasi-coincident with B iff A(x)>Bc(x) or A(x)+B(x)>1. A fuzzy set A in (X, �) is called a 
quasi-neighbourhood of x� iff there exists a B�� such that ABq̂x �

�
. A fuzzy point x��A� iff each 

quasi-neighbourhood of x� is quasi-coincident with A.  
For more discussions, we define pan-neighbourhood P of fuzzy point x� iff there exists a B�� such 

that B�P and x� �B(x)�	. Obviously A(x)=A�(x) iff there is a pan-neighbourhood P�� of x such that 
A(x)+P(x)=1. A(x)=A�(x) iff there is a P of x such that A(x)=P(x).    

2.3 Separation and connectedness 

Two fuzzy sets A and B in (X, �) are said to be separated iff there exist U, V�� such that U�A, V�B and 
U�B=V�A=	. Two fuzzy sets A and B in  (X, �) are said to be Q-separated iff there exist closed sets H, 
K such that H�A, K�B and H�B=K�A=	. The Q-separation and separation do not imply each other. If A 
and B are Q-separated, they cannot be separated (Pu and Liu 1980).  

The concept of connectedness of a fuzzy set is still under development. We define the connectedness 
based on the separation and Q-separation. A fuzzy set A is said to be open connected if there is no 
separated C and D such that A=C	D. A fuzzy set A is said to be closed connected if there is no 
Q-separated C and D such that A=C	D. A fuzzy set is said to be double connected if it is both open 
connected and closed connected.  
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2.4 Fuzzy mapping and homeomorphism 

Let f:X
Y an ordinary mapping, (X,�),(Y,
) be fts, the fuzzy mapping and its reverse mapping are 
defined by (Chang 1968): 

Xx,]1,0[B)),x(f(B)x)(B(f),,X(),Y(:f

Yy,]1,0[A},y)x(f,Xx:)x(A{)y)(A(f),,Y(),X(:f
Y

X

����

�������

��

��

��

��  

Call f� continuous if its reverse mapping f�:(Y,
) 
(X,�) maps every open subset in (Y,
) as an open 
subset in (X,�). Call it open if it maps every open subset in (X,�) as an open subset in (Y,
). f� is called 
fuzzy homeomorphism if it is bijective, continuous and open. Fuzzy homeomorphism is union preserving 
and crisp preserving (Liu and Luo 1997).  The properties of a fuzzy set that is invariant under fuzzy 
homeomorphisms are topological properties.  

2.5 Fuzzy topological relation 

Suppose on the product space U�V, there is a mapping R: U�V
[0,1].  Its membership function 
R 
decides the relation degree of ordered pair (u,v). Then R is a fuzzy relation from U to V. If 
R(u,v) takes 
only values 0 and 1, then R is a crisp relation. If U=V, then R is called a binary fuzzy relation on U.    

A fuzzy relation R between A and B on the fts U is called a fuzzy topological relation if R is preserved 
under a fuzzy homeomorphism of its embedding fts.    

2.6 The 4-intersection and 9-intersection approaches  

The 4-intersection and the 9-intersection approaches are well-known methods for identification of (crisp) 
topological relations between two crisp sets in the cts. In the cts, the following propositions exist for a set 
A: 

Proposition 2.4  oAAA ���
� ; ����

oAA  

Between the interior and boundary, and between the interior, boundary and exterior of set A and B 
there are four and nine intersections respectively: A��B�, A���B, �A�B�, �A��B, and A��B�, A���B, 
A��Be, �A�B�, �A��B, �A�Be, Ae

�B�, Ae
��B, Ae

�Be.  The empty/non-empty contents of these 
intersections are topological invariants. Therefore, the 4-intersection and the 9-intersection can be used 
for the description of topological relations between A and B.   

3 Fuzzy boundary 

3.1 Definitions of fuzzy boundary 

The definition of fuzzy boundary has several extensions in the fts: 

1. Warren (1977):  The fuzzy boundary of a fuzzy set A is an infimum of all closed fuzzy sets D in X with 
the property )x(A)x(D �

�  for all x�X for which 0)x(AA c
��

�� .  
2. Pu and Liu (1980): The fuzzy boundary of a fuzzy set A is the intersection of the closure with the 

closure of the complement of a fuzzy set, i.e., ��

���
c

I AAA . This form is identical to the boundary 
defined in the cts.  

3. Wu and Zheng (1991) defined a lattice-fuzzy boundary in the lattice-fuzzy topological space. The 
fuzzy boundary is the union of the molecules that are less than the closure and not less than the interior 
of a set.    Simplifying it into a fts, the fuzzy boundary of a fuzzy set is 

)}x(Aand)x(A:x{A o
�����

�

��
�

. 
4. Cuchillo-Ibanez and Tarres (1997): The fuzzy boundary of a fuzzy set A is the infimum of all closed 

fuzzy sets D in X with the property )x(A)x(D �

�  for all x�X for which )x(A)x(A o
�

� . 
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3.2 Fuzzy boundary and related properties 

In the cts, the boundary (�A) of a subset A is the intersection of the closure of A with the closure of the 
complement of A, i.e., ��

���
cAAA . To keep the boundary of a set consistent in both fts and cts, we 

adopt the definition of Pu and Liu.  

Definition 3.1 The fuzzy boundary of a fuzzy set is defined as the intersection of the closure and the 
closure of the complement of a fuzzy set in the fts: ��

���
cAAA . 

Some properties related to the boundary of a fuzzy set in the fts are listed in Table 1. For comparison, 
the boundary of a subset in the cts is also shown.   

Table 1. . Some properties related to the boundary in different topological spaces 

Topological   
    spaces  

Bound- 
aries and  
their properties 

 
Ordinary (crisp) topological space 
(X,�) 

 
Fuzzy topological space (X,�) 

Definitions of the boundary of a 

subset A~ (A)  
A� = ��

�
cAA  ��

���
cA~A~A~  

The boundary and the boundary 
of the boundary 

A)A( ����  A~)A~( ����  

Decomposition of the boundary )A()A(A o
������  

 
)A~()A~(A~ o

������  
 

Property of the boundary AAA o
���

�  AAA o
���

�  
Property of the boundary oAAA ���

�  oA~A~A~ ���
�  

The boundary of the boundary )A()A()A( o �

������  -- 

3.3  Conditions for mutual disjointness  

Our aim is to analyse the topological relations between two regions. The well-known 4- and 
9-intersection approaches are the best ways to realize them.  Proposition 2.4 indicates two basic 
conditions for adopting the 9-intersection approach, i.e., the topological parts, A�, �A and Ae of a subset, 
should be mutually disjoint; and the closure is the union of the boundary with the interior.  

However, in the fts the intersections between the interior, boundary, and exterior may be not disjoint. 
For example, the intersection between A�  and oA  can not hold in the general fts. There could be 

����
oAA when ���

� ocAA . About the conditions for these three parts to be mutually disjoint, we 
have the following propositions.  

Proposition 3.3      ����
oAA  iff oA  is crisp.  

Proof: � Xx�� if 1)x(A0 o
�� , then 1)x(A0 ��

� and 1A0 oc
�� .  Then 

0)x)(AAA()x)(AAA()x)(AA( oococo
���������

��� . So if 0)x)(AA( o
���   then 

0)x(Ao
� or 1)x(Ao

� .  

� Assume oA  is crisp. Then 0)x(Ao
� or 1)x(Ao

� . If 1)x(Ao
� , then 0)x)(AA( o

��� . If 

1)x(Ao
� , then 1)x(A �

� , so 0)x(A c
�

� . Then 0)x)(AA( oc
��

� . So 

0)x)(AA()x)(AAA( ooc
������

�� .  

This proposition shows that, in order to make the boundary and the interior disjoint in the fts, the 
interior should be crisp.  

Proposition 3.4    ���
� eAA   iff �A  and eA  is crisp. 

Proof: � is clear.  
� If 0)x)(AA( e

��
� , then either 0)x(A �

�  or 0)x(Ae
� . If 0)x(Ae

� , then 1)x(A �
� .  If 

0)x(A �
� , then 1)x(Ae

� . So �A  and eA  are crisp.  
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In other words, the sufficient and necessary condition for the closure and the exterior to be disjoint is 
that both the closure and the exterior are crisp sets.  

Proposition 3.5     If �A  is crisp, then ����
oAA  iff A�  and oA  are crisp. 

Proof: � is clear. 
�  According to Proposition 3.2, ����

oAA  iff oA  is crisp. If �A  is also crisp, then A�  is crisp. So 
the proposition holds. 

When the closure is crisp, in order to make the boundary and the interior disjoint, both the interior and 
the boundary should be crisp.  

The above propositions reveal that to utilize the 9-intersection matrix, the interior and boundary of a 
fuzzy set should be crisp. Tang and Kainz (2001) proposed a special fts in which the mutual disjointness 
of the interior, boundary and exterior of a subset hold. Although Definition 3.2 is different with Tang and 
Kainz’s boundary, the above propositions proved that if all open sets are crisp then the interior, the 
boundary and the exterior are mutually disjoint. Therefore if we apply this definition of a fuzzy region in 
their defined crisp fts, and take the empty/non-empty contents in the 9-intersections or 4*4 intersections 
as topological invariants, we can also deliver 44 or 152 kinds of the topological relations between two 
fuzzy regions. 

4 Some topological notations of fts and intersection matrices 

4.1 Definitions 

Section 3 discussed some properties related to the fuzzy boundary. It has been shown that the proposition 
2.4 cannot hold in the general fts. Tang and Kainz’s method for topological relations is to generate a 
special fts in which the topological parts (the interior, boundary and exterior of a subset) are mutually 
disjoint. Now we propose a new method to form the intersection matrix.  

In the fts, the closure and the boundary of a fuzzy set can be decomposed based on relations of the 
elements of these sets. 

Definition 4.1  The boundary of fuzzy set A in the fts can be decomposed into two subsets in terms of the 
closure of fuzzy set A:  call the subsets of the boundary A�  where )x(A)x(A �

�� and 

)x(A)x(A �

��  the c-boundary and the i-boundary of fuzzy set A, respectively.  Denote them by 

Ac
�  and Ai

� . That is )}x(A)x(A:Ax{Ac �

������
�

; )}x(A)x(A:Ax{Ai �

������
�

. 

Obviously  ��� Ac  iff 0)x(A)x(A c
��

��  for Xx�  .   AAc
���   iff )x(A)x(A0 c��

�� . 

Definition 4.2  The closure of fuzzy set A in the fts can be decomposed into two subsets in terms of A� :  
call the subsets of the closure �A  where )x(A)x(A �

��  and )x(A)x(A �

��  the i-closure and 

c-closure of A and denote them by �A  and �A .  That is )}x(A)x(A:Ax{A ���
����

�
;  

)}x(A)x(A:Ax{A ��

����
�

� . 

Proposition 4.3 (1) �AAc
��  

 (2) ����
�AAc  

 (3) ��
��� AAA c  

Proof: obvious according to the definitions.  

Definition 4.4  Define the subset of the interior of fuzzy set A in the fts where Xx�� , 1)x(Ao
�  by 

the core of A, and denote it by �A . Obviously �A  is the crisp subset of oA .  Define the outer �A  of 
fuzzy set A by the fuzzy points x� (�>0): }1)x(A:Ax{A ee

���
�

�
. Obviously �A  is the crisp subset 

of eA , and  ���
�� AA . 

The following proposition holds between �A and �A : 



 7

Proposition 4.5 ��
� AA  

Proof: if )x(A)x(A,Xx ��
���

�
iff )x(A)x(A,Xx �

����
�

.  When 1)x(Ao
� , then 0)x(Aoc

� , 

then 0)x)(AA()x)(AA( coc
����

��� . Then 0)x(A �� . Since 1)x(A)x(A o
��

� . 

So 1)x(A �
� . That is,  when 1)x(Ao

� , then 1)x(A �
� . Therefore ��

� AA . 

Definition 4.6 Define the b-closure of A in the fts by ��
� AA  , and denote it by �A , i.e., 

���
�� AAA . Define the join of the c-boundary with the b-closure of fuzzy set A by the fringe of A and 

denote it by A� , i.e., �
��� AAA c

�  . 

Proposition 4.7  
(1) If �A  is not empty,  then �

�� Ax
�

, 5.0)x(A �
�  

(2) If ���
oc )A( , then oc )A(x ���

�
, 5.0)A(x oc

����
�

 

Proof: (1) )x(A)x(A ��
�  iff )x(A)x(A ��

� Xx�� . Then 

)x(A)x(A)x(A)x(A)x(A)x(A occc
������

���� . On the other hand, )x(A)x(A o
�

� . Hence 

5.0)x(A)x(A ��
�� . Otherwise, if 5.0)x(A �

� , then )x(A)!x(A oc
�

� .  Therefore 5.0)x(A �
� .  

(2) Refer to (1). 

Therefore, it is reasonable to call the b-closure by the major fringe, and the c-boundary by the minor 
fringe of fuzzy set A.  

Through above definitions the closure of fuzzy set A is decomposed into the core, the b-closure and 
the c-boundary. According to their definitions, the following proposition holds. 

Proposition 4.8 
1. AAAAAA c

�������
����  

2. AandA,A c
�

�� are mutually disjoint. 

3. AandA �
�  are mutually disjoint. 

4.2 Topological properties  

The details of these notations are neglected since they are not relevant to the paper. We will show that 
although the c-boundary, i-boundary, c-closure, i-closure, b-closure, core, and outer are subsets of 
topological notations, it can be proven that they are topological properties of the fts.  

Proposition 4.9 A fuzzy homeomorphism is boundary-preserving, i.e., if f� is a homeomorphism, then 
)A(f)A(f ��

��� . 
Proof:  According to Wu and Zheng, if f� is a homeomorphism induced by Y)X(f � , where f is an 

ordinary mapping, then f� is closure-preserving, that is ����

� ))A(f()A(f . Supposing 

B)A(f �
� , then ����

���� )AA(f)A(f c  ��
���� )A(f)A(f c  

��
���� ))A(f())A(f( c  BBB c

���
�� .  

Proposition 4.10   The c-boundary, i-boundary, c-closure, i-closure, b-closure, core, and outer of a fuzzy 
set A are topological properties.  
Proof:  Supposing f� is a homeomorphic mapping from X to Y: B)A(f �

� , then 
����

� ))A(f()A(f and )A(f)A(f ��

��� . That is )y(B)x())A(f())x(A(f �����

��  and 

)y(B)x))(A(f())x(A(f �����
��� . Then if )x)(A())x(A( ��

� then 

))x(A(f))x(A(f( ��
��� , which is )y(B)y(B ��

� , therefore B)A(f cc
��� . So c-boundary is a 

topological property. Similarly, the i-boundary, c-closure and i-closure are topological properties.   

The core is a topological property since it is a crisp subset of oA . The outer is a crisp subset of cA� , 
therefore it is a topological property. The b-closure �A is a topological property 
since cAAAAA �����

���� .   
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4.3  A 9-intersection matrix and a 4*4-intersection matrix 

Propositions 4.8 shows that the core, b-closure, c-boundary and the outer of a fuzzy set A are mutually 
disjoint. Proposition 4.10 reveals that they are topological parts. We call the core, b-closure, c-boundary 
and the outer by the topological parts of fuzzy set A. Likewise, the core, the fringe and the outer can be 
called by the topological parts of fuzzy set A. In the cts, such definitions are superfluous since the 
interior, boundary and exterior meet the conditions of Proposition 2.4. In the fts, we can adopt the above 
notations to replace the topological parts in the 9-intersection matrix formalized in the cts.  

Supposing there are two fuzzy sets A and B in the fts, we adopt the core, fringe and outer as three 
topological parts to formalize the 9-intersection matrix (the reason will be explained later). Between two 
closed sets A and B, the 9-intersection matrix will be: 
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If we decompose the closure of a fuzzy set into the core, b-closure, c-boundary and outer, then 
between two closed sets A and B, the 4*4 intersection matrix can be formalized: 
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The topological relations can be described by the topological invariants of the intersection sets in the 
fts. To any intersection, the empty/non-empty contents are still topological invariants of the fts. In 
general there are 512 topological relations between two fuzzy sets if the 9-intersection matrix is adopted. 
216= 65536 relations can be derived between two fuzzy sets by use of the 4*4 intersection matrix. For 
GIS applications, we would impose some conditions to a fuzzy set, which can be regarded as topological 
definition of a fuzzy region.  

5. A simple fuzzy region 

5.1 Definition of a simple crisp region 

Traditionally, a simple crisp region is defined in the cts. Correspondingly, a fuzzy region should be 
defined in the fts. A “real” fuzzy region (where the membership values at some points are between 0 and 
1) cannot be accommodated in the cts since every cts contains only crisp sets. On the other hand, a simple 
crisp region can be accommodated by the fts since a crisp region is just a special form of a fuzzy region. 
Therefore, when we define a fuzzy region, we should consider its special form - a simple crisp region - 
the consistency in both crisp and fuzzy topological spaces. In the cts, a simple fuzzy region is defined as 
a regular closed set with a connected interior. We adopt this definition for the simple crisp region in the 
fts.   

Definition 5.1 A subset is called a simple crisp region in the fts if it meets the following conditions:  
1. It is a non-empty proper double connected regular crisp set; 
2. Its interior is a non-empty proper double connected open crisp set.  

In the cts, the connectedness of a set means that the set cannot be separated by two disjoint closed sets 
or disjoint open sets. However, in the fts Q-separation and separation do not imply each other (see 
Section 2).  Therefore we adopt closed connectedness and open connectedness for a simple crisp region 
in the fts.   

5.2 Definition of a simple fuzzy region 

In Definition 5.1 the interior and the boundary of a simple crisp region are crisp. To preserve such a 
property for a simple crisp region in the fts, we can require the core, which is a crisp subset of the interior 
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of a fuzzy set, be an open set of the fts, and require it to be the interior of a simple crisp region. Therefore 
we define a simple fuzzy region if it meets the following conditions.  

Definition 5.2 A subset is called a simple fuzzy  region in the fts if it meets the following conditions:  
1. A simple fuzzy region is a non-empty double connected regular closed set; 
2. The core is the interior of a simple crisp region; 
3. The i-closure is a non-empty double connected regular open set; 
4. The interior of the b-closure is a non-empty double connected regular open set; 
5. The c-boundary is a non-empty double connected closed set;  
6. The outer is a non-empty double connected open set. 

The first condition is similar to the definition of a simple crisp region in the cts with the exception that 
the connectedness is replaced by the double connectedness. In the second condition, the core is defined as 
an open set, which is similar to the interior of a simple crisp region in the cts. (In the cts the element of the 
non-empty interior of a subset is equal to 1). This is also the reason why we adopt the core, fringe and 
outer of a fuzzy set as the topological parts in the fts. The third condition also is an extension of the 
interior of a subset from the cts to the fts. (because  the subsets of the closure which is greater than the 
boundary of a crisp region in the cts is regular open, it is appropriate to define such a subset in the fts also 
to be regular open). The fourth condition ensures that there are some real fuzzy points belonging to the 
i-closure. It is also reasonable to define the c-boundary to be closed. Figure 1 shows such a definition in 
R2. 

Fig. 1. A simple fuzzy region 

5.3 Some properties of a simple fuzzy region 

Proposition 5.3 If A is a simple fuzzy region, then the fringe is regular closed. 
Proof: According to the definition of A� , cAAA ��

��� . Then A�  is closed. 
coooo AA)AA()A( ���

����� . Since coA� and oA are regular open, then o)A( �  is regular open. 
Thus the fringe is regular closed.  

Proposition 5.4  The interior of the fringe of the core of a fuzzy set is empty, i.e.,  ��
� o))A(l( . 

Proof: According to the definition of �A , ���
�� )A(A � . If ��� o))A(( � , then 

ooo A))A((A ���
�� � , then �A  is not regular open.   

6. Topological relations between two simple regions 

The topological relations between two fuzzy regions can be identified by use of the 9-intersection matrix.  
Since a simple fuzzy region is not a general fuzzy set, not all 512 relations can be realized in the 
9-intersection matrix. Between two fuzzy regions, there are some limitations. For example, we can prove 
that the core is always “surrounded” by the fringe of a fuzzy set, which is similar to the interior being 
encompassed by the boundary of a simple crisp region in the cts.  

c-boundary 

i-closure 

outer 

core 
b-closure 
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6.1 Some limitations between two simple regions 

Proposition 6.1  If A’s core does not intersect with B’s core, then A’s core does not intersect with the 
fringe of B’s core, and B’s core does not intersect with the fringe  of A’s core, i.e., if ���

�� BA , then 

���
�� )B(A �  and ���

�� )A(B � .  

Proof:  Suppose B’s core intersects with the fringe of �A , that is D)A(B ��
��

� , then D�=� 
according to Proposition 5.4. That is �x�X, D�(x)=0. Then �x��D, all pan-neighbourhoods of x� 
intersect with �A  at x�, as well as y where supp(y)�supp(x�). On the other hand, since �

� BD , �B  is a 
pan-neighbourhood of x�. So ���

�� BA .  Contradiction! The other part of the proposition can be 
proven in the same way. 

Proposition 6.2  If A’s core intersects with the fringe of B’ core, then it must intersect with B’s core, i.e., 
if ���

�� )B(A � , then ���
�� BA .  

Proof:  Suppose A’s fringe cannot intersect with B’s fringe, then A’s fringe cannot intersect with the 
fringe of B’s core according to Proposition 6.1. Contradiction!  

Proposition 6.3  If A’s core intersects with B’s core and outer, then it must also intersect with B’s fringe,  
i.e., if ���

�� BA and  ���
�� BA then ���

� BA � .  

Proof: We will show that B’s core is disjoint with B’s outer. Suppose ����
�� CBA , and 

����
�� DBA , but ���

�� )B(A � . Then �
�� ADC since C is crisp and �B is also crisp. Since 

C and D are open, therefore �A  is not open-connected. Contradiction!  

Proposition 6.4  If A’s core is disjoint with B’s core, and A’s fringe intersects with B’s core, then A’s 
fringe intersects with B’s fringe, if ���

�� BA , and  ���
�BA� then ��� BA �� . 

Proof:    Suppose ���
�� BA , and ���

�BA� but ��� BA �� . Then ���
�� )A(B �  according 

to Proposition 6.1, and then ���
� )B(A � . Then ���

�BA . So ���
�BA� . Contradiction.  

Proposition 6.5 If A’s core and fringe intersect with B’s fringe, then the fringe of A’s core intersects 
with B’s fringe: if ���

� BA �  and ��� BA �� , then ���
� )A(B �� . 

Proof: Let ���
� BA � , ��� BA �� .   Suppose ���

� )A(B �� , then CAB ��
��

�  is closed, 

DAB c
��

�
� is closed. Then DCB ��� . Contradiction!  

6.2 Topological relations by use of the 9-intersection matrix 

Topological relations between two simple fuzzy regions can be identified by use of the 9-intersection 
matrix in the fts. We will identify the topological relations between two fuzzy regions in the fuzzy R2. 
The simple fuzzy region is further limited as a two-dimensional and bounded set. The following 
conditions, which hold between two regions with broad boundary in the cts (referring to Clementini and 
Di Felice 1996), also hold in the fts according to the above propositions. The only difference lies in that 
the topological parts are changed into the core, fringe and outer of a simple fuzzy region.  

1. The outers of two fuzzy regions intersect with each other; 
2. Any part of one fuzzy region must intersect with at least one part of the other fuzzy region, and vice 

versa; 
3. If one fuzzy region’s core intersects with the other’s core and outer, then it must also intersect with the 

other’s fringe, and vice versa; 
4. If both cores are disjoint, then one fuzzy region’s core intersects with the other’s fringe, or with the 

other’s outer, and vice versa; 
5. If both cores are disjoint and one fuzzy region’s fringe intersects with the other’s core, then the two 

fringes must intersect with each other, and vice versa; 
6. If one fuzzy region’s core intersects with the other’s outer, then its fringe must also intersect with the 

other’s outer, and vice versa; 
7. If one fuzzy region’s core is a subset of the other fuzzy region, then its fringe must intersect with the 

other, and vice versa; 
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8. If one fuzzy region’s core does not intersect with the other fuzzy region, then its core must intersect 
with the other’s outer, and vice versa; 

9. If both cores do not intersect with each other, then at least one fringe must intersect with its opposite 
outer; 

10.If both fringes intersect with the opposite cores, then the fringes must also intersect with each other; 
11.If one fuzzy region’s fringe intersects with the other’s core and outer, then it must also intersect with 

the other’s fringe, and vice versa; 
12.If one fuzzy region is a subset of the core of the other, then its outer must intersect with the other’s 

core, and vice versa; 

Under such conditions, we can derive 44 relations between two regions in the general fts (see 
Appendix). Although the number is the same as Tang and Kainz’s as well as Clementini and De Felice’s, 
the differences are that (1) the core is adopted in the 9-intersection matrix instead of the interior; (2) the 
9-intersection matrix is built in the general fts. 

7   The 4*4 intersection matrix and its significance 

In the 9-intersection matrix, the fringe of a simple fuzzy region, as a closed set, is the join of the b-closure 
and c-boundary. If we adopt the four topological parts in the 4*4 intersection matrix, the identification of 
the topological relations will be difficult since the b-closure could be neither open nor closed. For the 
convenience of the identification, the following four disjoint topological parts: the closure of the core, the 
interior of the b-closure, the c-boundary, and the outer, are built up for a simple fuzzy region based on the 
following proposition. 

Proposition 7.1   
1. (1) ����

�� AAA o  
2. (2) ���

��� AA o  
Proof:  
1. )AA(A)AA(A)AA(AA ocoooco ��������������

���������  

)AA(A)AA( cco ��������
����� = �A  

2. ���������
����������� AAAA)AA(AA coooco .  

Therefore the 4*4 intersection matrix can be re-formalized as follows: 
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The identification of the topological relations can be realized by decomposing the 44 relations. The 
core in the 9-intersection matrix can be replaced by the i-closure since they have similar properties for the 
identification. However, the number of topological relations between two simple fuzzy regions will 
exceed several hundreds. The list of all these possibilities is less meaningful. In GIS applications more 
concerns are taken on the relations between a specific spatial object with others. For example, what is the 
relation between a steep slope area and a piece of forest? What is the relation between a wetland and a 
swan habitat? According to Proposition 4.7, we can differentiate the main fringe with the minor fringe of 
a simple fuzzy region, which will provides more precise description for topological relations between 
two fuzzy regions. Figure 2 shows the refinement of a topological relation between a steep slope area and 
a piece of forest.  
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Fig. 2. . Comparison of topological relations by use of  the 9-intersection matrix and the 4*4 intersection matrix. 
Figure A shows that the boundary and the core of the forest area contain the steep slope area.  Figure B shows that the 
major boundary and the core of the forest area contains the steep slope area, which describes the topological relations 
more precisely. 

8 Conclusion and discussion  

Fuzzy objects exist in almost all natural phenomena. Almost all geometric objects, if considered as sets in 
a topological space, expose some degree of fuzziness. Every object has its boundary. The topological 
boundary of a subset, as one of the most important notations in the fts, is adopted as the starting point for 
analysis of topological relations between two fuzzy sets.  

The main contributions of the paper are the formalism of the 9-intersection and 4*4 intersection 
matrices, and the identification of topological relations between two fuzzy regions in the general fts. For 
the formalism of intersection matrices, a structure of a closed set is decomposed into some novel 
notations including the core, b-closure and c-boundary, as well as into the core and fringe subsets. 
Although these notions are the subsets of the closure or the boundary, they are proved to be fuzzy 
topological properties of the fts. The 9-intersection matrix, and then the 4*4-intersection matrix can then 
be formalized. In the 9-intersection matrix, the topological parts are updated from the interior, the 
boundary and the exterior into the core, fringe and the outer, respectively. The core, b-closure, 
c-boundary and outer are also the topological parts of a fuzzy set.  

The definition of the fuzzy simple region constitutes the premise for the topological relations between 
fuzzy spatial objects. This paper derives a simple fuzzy region based on the definition of a simple region 
in the crisp topological space. The definition of the simple crisp region, which inherits from a crisp 
region in the cts, is at first given in the fts. Then it is extended as a simple fuzzy region in the fts, in the 
way that it is a general form of the simple crisp region. Based on the 9-intersection matrix, 44 relations 
are identified. Although the number of the relations is the same as that of Clementini and Di Felice 
(1996) and Tang and Kainz (2001), it should be pointed out that these relations are formalised in the 
general fuzzy topological space.  

An advantage about interpretation of topological relations in the general fts is that more details of the 
closure can be revealed, which cannot be derived in the cts or in some special fts. The separation of the 
major fringe with the minor fringe shows such advantages.   

Due to the fuzziness of the regions, topological invariants other than empty/nonempty contents can be 
adopted for the identification of topological relations in the fts. For example, a non-empty intersection 
can be broken up into four comparisons, namely, ����� ,,,  between the intersection parts of two 
fuzzy regions. These comparisons operators are also topological invariants of the fts, which cannot be 
achieved in the cts. These topological invariants will expand the topological relations between two 
regions from “horizontal” relations to “vertical” relations.  We will discuss it in future publications. 

This paper formalized some intersection matrices to investigate the topological relations between two 
simple fuzzy regions. These have to be extended for more complicated fuzzy regions. The topological 
relations are identified for 2-dimensional spatial objects. In the future we will also consider fuzzy spatial 
objects of different dimensions and will apply the results to image analysis in land cover change. 

Fringe of the  
steep area Fringe of forest 

Core of the forest Core of the  
steep area 

A

B-closure of the forest 
Core of the forest 

Core of the  
steep area 

B-closure of the  
steep area C-boundary of the forest 

C-boundary of the  
steep area 

B
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Appendix: 44 relations between two simple regions 
Matrix Illustration Matrix Illustration Matrix Illustration 
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