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Abstract: 
Geo-referenced high-resolution satellite data product generated using CARTOSAT-1 stereo data can be used for mapping 
topographic information, navigation, urban planning. This paper present the first set of results of an assessment of geo-
positioning accuracy achieved in image scan line and pixel number-to-Object space coordinates using system generated Rational 
Polynomial Coefficients (RPCs) of CARTOSAT-1 Stereo Orthokit Product. The computed object-space co-ordinates using Un-
normalized space intersection model are compared with ground reference control points. 
The CARTOSAT-1 system derived Rational Functional Model (RFM) is a replacement of rigorous sensor model of an image 
which represent set of co-efficients relating the geometric relationship of three dimensional object point position to their 
corresponding two dimensional image positions. The first exercise has shown that the system corrected RPCs have large 
systematic bias confirming to geo-product accuracy specification of 200m RMS in planimetry and average 20m in height. The 
same exercise has been further extended with the help of 2-3 precise GCPs for removing bias in Orthokit product and generating 
Orthoimage using ERDAS 9.0 (COTS) package. The Orthoimage product accuracy has been assessed. 

 
1.0 INTRODUCTION 

 
CARTOSAT-1 was launched on 5th May 2005, which is 
carrying mainly two panchromatic camera payload with 
+26 deg (FORE) and –5 deg (AFT) tilted with respect to 
nadir direction to generate along track stereo pair. This 
payload configuration will image the area with enhanced 
spatial resolution of 2.5 meter and 26 Km swath with along 
track stereo imaging capability, which has fixed Base to 
Height Ratio ensuring constant height resolution. This 
mission is for the Cartographic applications 
Photogrammetric processing generally includes different 
processes like 3D reconstruction, Orthorectification and 
DEM generation. To perform these, the sensor model 
parameters are also required along with the satellite 
imagery. A sensor model relates three dimensional object 
point positions to their corresponding two dimensional 
image positions. It describes the geometric relationships 
between the image space and the object space. 
The two broad categories of sensor models used are the 
physical sensor model and the generalized sensor model. A 
rigorous sensor model of an image is used to reconstruct 
the physical imaging setting and transformations between 
the object space and the image space. It includes physical 
parameters about the camera such as focal length, principal 
point location, pixel size, lens distortions and orientation 
parameters of the image such as satellite position and 
attitude values of sensor while acquiring the image. 
Collinearity conditions are the equations that are most 
popularly used to implement the transformations based on 
the rigorous sensor model. On the other hand, the 
generalized sensor model is used as a replacement for the 
rigorous sensor model. The generalized model parameters 
do not carry physical meaning of imaging process and it is 
sensor independent. Using the replacement sensor model, 
the photogrammetric processing can be performed without 
the necessity of the rigorous physical sensor model, the 
sensor type and the physical imaging process. To be able to 

replace the rigorous sensor model, the physical sensor 
model is often used for the determination of the unknown 
coefficients in the replacement sensor model. 
The three main replacement sensor models are the Grid 
Interpolation Model, the Rational Function Model and the 
Universal Real Time Sensor Model. At present, the 
Rational Function Model is implemented to perform the 3D 
Reconstruction. In this model, the geometric relationships 
between the stereo images and the ground points can be 
approximately described by simplified polynomials, unlike 
the collinearity equations as used in rigorous sensor model. 
The Cartosat-1 satellite uses the Push-broom scanning 
principle to obtain the imagery. For the images captured 
using this mechanism, the position of the projecting centers 
is a time – dependent function. The polynomial model is 
more suitable for this type of functions when compared to 
collinearity equations. The distortions caused by the optical 
projection can generally be represented by the ratios of first 
order terms, while the corrections such as Earth curvature, 
atmospheric refraction, lens distortion, etc. can be well 
approximated by second order terms. Some other unknown 
distortions with high-order components, such as camera 
vibration, can be modeled with the third order term. To take 
all this distortions into consideration the Rational Function 
Model is implemented using third order polynomial. 
The Rational Function Model has become more popular as 
it has the capability to perform most of the 
photogrammetric processing including 3D reconstruction, 
Ortho-rectification, and DEM generation with an absence 
of the rigorous sensor model. The RFM facilitates the 
applications of high-resolution satellite imagery due to its 
simplicity and generality. Rational functions supply the 
data to the user without disclosing the sensor information. 
The rational Functions are sensitive to the distribution of 
Ground Control Points (GCP). The absolute accuracy of 
three-dimensional ground point determination or geo-
positioning using the RFM depends on the accuracy of the 
actual rigorous sensor model itself.  
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The RFM Based 3D reconstruction has been implemented  
in some softcopy photogrammetric software package 
without disclosing the method. The in-house developed 
package RPC3D-GEO using Forward RFM has tested 
where the planimatric coordinates with ground elevation 
are represented as rational function of the image 
coordinates and this representation is used to establish 3D 
reconstruction. 

2.0 OBJECTIVE 
The main objective is development and testing of the 
package to compute the three-dimensional object space 
coordinates by using the Rational Function Model and 
compare them with precise ground measured GCPs. The 
algorithm is developed using C programming language. 
This paper highlights the mathematical formulation and 
algorithm developed for the computation of three-
dimensional ground coordinates using unnormalized space 
intersection model. The test results are discussed. 
 

3.0 DATA USED 
 
The detail of CARTOSAT-1 data used is given in Table-1. 
Sr. 
No. 

Type of 
Product 

  Date of Pass Path/ 
Row 

Terrain  
Type 

1 Stereo 
Orthokit 

04 – Jan-2006 509 / 290 Plain 

 2 Stereo 
Orthokit 

04 – Nov-2005 523 / 270 Hilly 

Table: 1 
Stereo Orthokit Product 
CARTOSAT-1 Stereo Orthokit product provides the 
encrypted RPCs along with radiometrically corrected 
images in Geo-tiff format. These RPCs are directly used for 
the photogrammetric processing. It contains eighty 
coefficients and ten values of scale and offset for 
normalizing the image and ground coordinates. 
 

4.0 BACKGROUND 
The Cartosat-1 satellite uses the Push-broom scanning 
technique. The push-broom sensor is  a linear sensing array 
associated with an optical system. The orbital motion of the 
satellite forms an image by generating each scan line with 
integration time. Each linear array has a set of six 
parameters. The stable orbit of the satellite gives, the 
position parameters (X,Y,Z) and the orientation parameters 
(omega, phi, kappa), which can be modeled by varying 
time. In three-dimensional visual depth perception both the 
monocular and binocular characteristics are used to 
determine the depth and size of the objects. The two 
binocular cues used in space perception are “ the 
Convergence Angles of the optical axes of the eyes” and 
“Retinal Disparity”. The concept of focusing 
accommodation of the individual eye is on of the important 
characteristics of monocular vision. The methodology of 
multi camera  involves identifying and measuring 
homologues targets  and patterns on the images of an object 
which had been identified different imaging view points.  
 
Rational Polynomial Camera (RPC) Model: 
The Rational Polynomial Camera Model relates the three-
dimensional object space to the two-dimensional image 

space. The Rational Polynomial Coefficients can model 
reasonably complex transformations and can remain stable. 
A rational polynomial is a three-dimension to two-
dimension transformation in the sense that a ground X, Y, 
Z are used along with the coefficients to compute image 
scan line and pixel values. A single image involves two 
rational polynomials, one for computing scan line position 
and one for the pixel position. The rational polynomial 
coefficients for a particular satellite image are computed 
using the data on the orbital position and orientation of the 
satellite sensor. The usual procedure for the RPC 
determination involves using the physical camera model to 
generate a three-dimensional grid of points, followed by 
least squares estimation of the coefficient values to fit this 
grid. The quality of the least squares fit depends on a 
number of factors, including view geometry, satellite 
dynamics during image capture, image strip length, range 
of heights used in the grid and the spacing of grid points. 
The primary purpose of using RPC is that it provides a 
common framework independent of the actual sensor used. 
 

5.0 MATHEMATICAL 
FORMULATION 

 
5.1 Rational Function Models 
The image pixel coordinates (s, p) are expressed as the 
ratios of polynomials of object point coordinates (X, Y, Z) 
in the Rational Function Model. The ratio of polynomials 
defined for the Ground to Image transformation is called 
the Forward form or the upward form, given by the 
following equations. 
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Where the aijk are the polynomial coefficients called the 
rational function coefficients (RPC), m1,m2 and m3 are 
maximum power of ground coordinates and are typically 
limited to three.  (s, p) and ( X, Y, Z) are the normalized 
image and ground coordinates respectively 
5.2 Normalized Coordinates Relation: 
Scan line, pixel from the image and three object point 
coordinates are each offset and scaled to fit the range from 
–1.0 to +1.0 over an image or image section in order to 
minimize the introduction of errors during the computation. 
The common normalized coordinate relation is given by     
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In the above equation, Offset value = Average value                                                
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Hence the normalized Image coordinates are given by 
  

 Scale  LineScan 
) LineOffsetScan -  (A) Line(Scan (N) LineScan =

 Scale  Pixel
)Offset  Pixel-  (A) (Pixel(N) Pixel =

and the normalized ground coordinate relation is as 
follows.  
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5.3 Linearization of Polynomial Functions: 
 
The functions fs and fp defined from equations 1 that relate 
the image and ground coordinates are as follows. 
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Here, s and p are the normalized image coordinates and  
Xu, Yu, Zu are the unnormalized object coordinates. 
To determine the three dimensional ground points, the 
function should be linearized in the process of solving a 
third order non-linear equation. The linearization is 
performed using the Taylor series expansion. The 
linearized form of Equation 1 is given below. 

conditioninitialfZ
Z
fY

Y
fX

X
fs

su
u

s
u

u

s
u

u
_|−=∆

∂
∂

+∆
∂
∂

+∆
∂
∂

 

conditioninitialfZ
Z
f

Y
Y
f

X
X
f

pu
u

p
u

u

p
u

u

p _|−=∆
∂

∂
+∆

∂

∂
+∆

∂

∂ (4) 

2
2

1
2

2
1

P

P
X
PP

X
P

X
fs uu

u

∂
∂

−
∂
∂

=
∂
∂  

2
2

1
2

2
1

P

P
Y
P

P
Y
P

Y
fs uu

u

∂
∂

−
∂
∂

=
∂
∂  

2
2

1
2

2
1

P

P
Z
P

P
Z
P

Z
fs uu

u

∂
∂

−
∂
∂

=
∂
∂                            (5) 

and 
u

p

u

p

u

p

Z
f

Y
f

X
f

∂

∂

∂

∂

∂

∂
,,  can also be expressed in the same way.  

∂  = (a3 + a5 Y + a7 Z + 2 a9 X + a11 YZ + 2 a13 YX + 

a13 Y2 + 3a16  X2+ c17 Z2+ 2 a19  X Z ) / Xs                (6)                                      

Similarly 
uY

P
∂
∂ 1 ,

uZ
P

∂
∂ 1  can also be expressed in the same 

way. 

Xs
) X-  (XX 0u= ,

S

0u

Y
) Y-  (YY = , Zs

) Z-  (ZZ 0u=  

 

All the remaining derivatives i.e. 
uX

P
∂
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computed in the similar manner. The notations Xs, Ys, Zs  
are for scale and Xo, Yo, Zo for the offset values of ground 
point coordinates available from RPC file along with the 
orthokit product. The values of the terms in equation (5) 
can be obtained by substituting the value of the derivative 
from (6).  Similar set of equations can be formed by the 
function defined in pixel equation defined in 3). This set of 
equation can also be obtained by corresponding image 
points in other image. Hence a system of four equations 
with three unknowns is being formed.  
 
5.4 Slope and Offset: 
The slope and offset are calculated by taking the maximum 
and minimum height and the ∆Zu values obtained in the 
iteration.  
 
5.5 Initial Approximation Determination Methods: 
Computation requires the estimation of the three-
dimensional ground coordinates initial approximate values 
of these ground coordinates, which could be determined 
with one of the following method. 

I. The central values of Latitude, Longitude and 
Height can be calculated using the information 
given along with the Rational Polynomial 
Coefficients and these values can be passed as the 
initial approximations into the model to compute 
the actual ground coordinates. 

II. Using the Ground to Image model given in 
equations (1), the partial derivatives with respect to 
latitude (X) and longitude (Y) are obtained by 
considering height (Z) as a constant value. The 
values of the partial derivatives are calculated using 
the central values of latitude, longitude and height 
and the matrix formed by two equations and two 
unknowns is solved to determine ∆X, ∆Y. This 
procedure is repeated for the same point in the other 
image. The average of the results obtained is taken 
as the initial approximation values for latitude (X) 
and longitude (Y). 

III.   Considering only the first order terms of equation 
(1) for the identified point in both the images and 
partial differentiating them with respect to latitude, 
longitude and height, a design matrix can be 
formed. Solving this matrix using the least squares 
adjustment model is the initial approximate values 
of latitude, longitude and height by iteration. 
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 5.6 Space Intersection: 
            Space Intersection is the process of 
photogrammetrically determining the spatial position of 
ground points by intersecting image rays from two or more 
images. The spatial direction of each image ray is 
determined by projecting the ray from the front nodal point 
of the camera lens through the image on the positive 
photograph. Conjugate image rays projected from two or 
more overlapping photographs intersect at the common 
ground points to determine the three-dimensional space 
coordinates of each point. The entire assembly of image 
rays is fit to known ground control points in an adjustment 
process, mostly the least squares adjustment process. Thus 
when the adjustment is complete, ground coordinates of 
unknown ground point are determined by the intersection 
of adjusted image rays. The process of space intersection is 
illustrated in Figure1. 
In the diagram shown L1, L2 are the image exposure 
centers, O1,O2 are the perspective centers, a1 and a2 are the 
image positions in the two images corresponding to the 
same ground location A and  XA, YA, ZA are the object 
space coordinates of the point A.  
 

 
                               Figure1: Space Intersection 
 

6.0 METHODOLOGY 
 

6.1  3D Reconstruction with RFM model  
The stereo Orthokit product contains the RPC file having 
eighty coefficients of third order polynomial along with ten 
values of scale and offset for normalizing the image and 
ground point coordinates. The procedure for determination 
of un-normalized 3D object point coordinates by forward 
RFM from a pair of conjugate points identified on FORE 
and AFT images are as follows 

i Normalize the image pair coordinates with scale 
and offset supplied with RPC  

ii Determination of initial approximation values of un-
normalized object coordinates with first order 
polynomial keeping second and third order term as 
zero. 

iii Computation of partial derivatives of the function 
defined in equation (5) based on initial 
approximation defined in step–(ii)  

iv Formation of design matrix with the partial 
derivative values of the function with respect to un-
normalized object point coordinates. 

v Calculate the correction for the initial 
approximation using the least square adjustment 
technique.  

vi Apply the corrections to initial approximations. 
vii Repeat the steps from iii to vi until the specified 

number of iterations has been reached or the 
corrections is less then set threshold (1.2X10-11)    

viii The   final computed values of un-normalized object 
point coordinates are compared with   actual ground 
point coordinates.   

6.2 Generation of Orthoimage  
The Rational polynomial method is now fully ported into 
ERDAS 9.0 software for the Cartosat-1 data. The software 
supports the reading of satellite data, metadata, GCP and tie 
points' collection, orthorectification and mosaicking, 
stereo-model computation, image matching and DEM 
generation with automatic editing. After the stereo-model 
(RFM model) is computed using a minimum of 3 GCPs, an 
automated image matching procedure is used through a 
comparison of the respective grey values of the images. 
This procedure utilizes a hierarchical sub-pixel normalized 
cross correlation matching method to find the 
corresponding pixels in the left and right quasi-epipolar 
images. The difference in location between the images 
gives the disparity or parallax arising from the terrain relief, 
which is converted to X, Y, Z map co-ordinates using a 3D 
space intersection solution. Automatic and 3D-manual 
editing tools are finally used   to improve DEM quality and 
coherency. 
 
6.3 Evaluation of the 3D Reconstruction Models and 
Orthoimage  
In order to assess the appropriateness of the models and the 
orthoimage, Check Points are used, which are not used for 
estimating the transformation parameters in the adjustment. 
Differences between calculated and known coordinates of 
the Check Points are the basis for the root mean square 
error (RMSE). Procedure for computation of RPC based 
scan line /pixel in image plane given in reference 4 
 

7.0 RESULTS AND DISCUSSIONS 
 
The Stereo Orthokit product for Ahmedabad (plain) region 
with relief variation from 30 meters to 60 meters and Alwar 
(hilly) region with relief variation from 200 meters to 700 
meters has been evaluated for 

a) Comparison of RPC based scan line, pixel and 
actual scan line, pixel of GCPs in image plane    

b) Comparison of geodetic 3D reconstructed 
coordinate with actual geodetic 3Dcoordinates of 
GCPs on object plane 

The available GCP coordinates for Ahmedabad area is used 
for evaluation using stereo Orthokit. For FORE camera the 
difference of RPC based computed scan line and actual 
scan line is within 1 scan lines and the difference of RPC 
based computed pixel and actual pixel is within 20 pixels. 
For AFT camera the difference of RPC based computed 
scan line and actual scan line is within 2 scan line & the 
difference of RPC based computed pixel and actual pixel is 
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within 4 pixels The differences of scan line and pixel in 
meters for Ahmedabad area is given in Table-2.  
Same GCPs are used for computation of reconstructed 3D 
geodetic coordinates. The difference is computed using 
first-degree polynomial as initial approximation and 
unnormalized space intersection model. The RPCs supplied 
in Orthokit product has been used to determine the three-
dimensional coordinates using conjugate points. The RMS 
difference is observed as 21 meters and 17 meters in 
latitude and longitude direction respectively. The RMS of 
difference observed in height is 1.8 meters. The detailed 
results are given in Table-3. 
 

Similar exercise was carried out for Alwar area, which is 
hilly in nature, using stereo Orthokit. For FORE camera the 
difference of RPC based computed scan line and actual 
scan line is within 40 lines & the difference of RPC based 
computed pixel and actual pixel is within 6 pixels. For AFT 
camera the difference of RPC based computed scan line 
and actual scan line is within 32 lines & the difference of 
RPC based computed pixel and actual pixel is within 4 
pixels The differences of scan line and pixel in meters for 
Alwar area is given in Table-4.  
 

Same GCPs are used for computation of reconstructed 3D 
geodetic coordinates. The difference is computed using 
first-degree polynomial as initial approximation and 
unnormalized space intersection model. The RPCs supplied 
in Orthokit product has been used to determine the three-
dimensional coordinates using conjugate points. The RMS 
of difference is 92 meters and 21 meters in latitude and 
longitude direction respectively. The RMS of difference 
observed in height is 31 meters. The detailed results are 
given in Table-5. 
 
The geo-position accuracy derived from scans line; pixel 
differences for Orthokit products are give in Table-6. The 
results are as per specifications.  
The Alwar stereo Orthokit was further processed for 
Orthoimage generation using ERDAS COTS package. The 
geo-positioning accuracy of Orthoimage is within 15 
meters. The Orthokit and Orthoimage geo-positioning 
accuracy comparison has been given in Table-7. 

 
Table: 2 Detail results for Ahmedabad scene 

 

 

 
     Detail results of difference of reconstructed 3D 

coordinates and actual 3D coordinates 
Sr No Diff_lat Diff_lon Diff_height 

 mts mts mts 
1 38.8 -22.6 1.0 
2 -19.0 16.5 1.4 
3 5.2 -11.6 1.3 
4 4.6 -17.7 -3.0 

Rms:                  21.86            17.5                 1.8 
St. Dev.:            20.58            15.12               1.8 

 
Table: 3 Detail results for Ahmedabad scene 

 
Detail results of difference of RPC based computed 

scan line, pixel and actual GCP scan line, pixel  
in meters 

Fore Aft 
AL AX AL AX 

100.5 -5.75 87.75 11.75 
100.25 -10.25 93.75 15.75 
107.5 -16.5 94.25 7.75 
104.5 -12.75 96.25 11.25 
99.00 -9.00 88.25 17.50 

118.25 -9.50 76.25 -11.5 
104.75 -12.5 85.5 11.75 
101.5 -10.0 94.5 10.50 

105.00 -22.00 86.25 -3.50 
112.25 -11.50 90.75 8.75 
87.75 -19.50 88.25 2.25 
85.50 -4.25 86.5 8.50 

103.75 -17.75 88.75 5.25 
Rms:  102.7               13.4          89.6             10.3 
St. Dev: 8.4                 5.0            5.0               7.3 

 
Table: 4 Detail results for Alwar scene 

 
Detail results of difference of reconstructed 3D 

coordinates and actual 3D coordinates 
S. No Diff_lat Diff_lon Diff_height 

 mts mts mts 
1 -92.95 -17.51 4.9 
2 -94.88 -18.32 8.8 
3 -115.67 -30.57 -73.5 
4 -96.82 -22.26 12.0 
5 -89.71 -15.67 18.1 
6 -85.52 -18.89 39.7 
7 -94.14 -20.58 14.4 
8 -85.74 -27.43 0.1 
9 -80.61 -15.52 23.5 

10 -85.92 -25.34 37.6 
Rms:             92.67               21.8                 31.2 
St. Dev.:         9.20                4.90                30.00 

Detail results of difference of RPC based computed scan 
line, pixel and actual GCP scan line, pixel in meters 

Fore Aft 
Diff_lat Diff_lon Diff_lat Diff_lon 

0.90 51.30 1.02 4.22 
4.60 59.60 5.02 11.32 
-2.00 58.10 -2.00 10.12 
0.20 52.00 -2.20 7.72 

Rms:   2.54                    55.37           2.96                 8.77 
Std. Dev:  2.74                4.21           3.37                 3.13 

 
Table: 5 Detail results for Alwar scene 
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FORE AFT 
Rms 
(mts) 

Std 
(mts) 

Rms 
(mts) 

Std 
(mts) 

Area 

lat/long lat/long lat/long lat/long 
Alwar 102.70/ 

13.40 
8.40/ 
5.00 

89.60/ 
10.30 

5.00/ 
7.30 

Ahmedabad 2.54/ 
55.37 

2.74/ 
4.21 

2.96/ 
3.37 

8.77/ 
3.13 

 
Table: 6 Geo-location accuracy of Orthokit products 

 
Comparison of geo-location accuracy for AFT camera over 

Alwar region 
AFT 

Rms (mts) Std (mts) 
Type of product 

lat/long lat/long 
Orthokit 89.6 / 10.3 5.0 / 7.3 
Orthoimage 16.7 / 11.8 4.9 / 5.3 

 
Table: 7 Geo location accuracy comparisons 

 

8.0 CONCLUSIONS 
 

The first set of results of geo-positioning accuracy is 
compared based on actual ground control points which is 
limited by available GCPs. The scope of the exercise will 
be extended by increasing the density of conjugate points 
from stereo pair. Some of the conjugate points will 
correspond to ground control points. 
The detail exercises in image plane where ground 
coordinates of points are converted in scan line, pixel using 
(RPC supplied in Orthokit) in-house developed 
‘RPC2DGEO’ package and compared with actual scan line, 
pixel of GCP position. The other exercise in object plane 
where the actual scan line, pixel of GCP coordinate are 
passed into the RPC model package ‘RPC3DGEO’ (in-
house developed) for reconstruction of latitude, longitude 
and height coordinates. These reconstructed coordinates are 
compared with actual ground coordinates. The geo-
positioning accuracy in image plane and object plane are 
same for stereo Orthokit product and it meets the 
CARTOSAT-1 standard product specifications. The Alwar 
stereo Orthokit was further processed for Orthoimage 
generation using ERDAS 9.0 COTS package. The geo-
positioning accuracy of Orthoimage is within 15 meters. 
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